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Abstract 

In this article we provide global subelliptic estimates for the linearized inhomoge- 
neous Boltzmann equation without angular cutoff, and show that some global gain in 
the spatial direction is available although the corresponding operator is not elliptic 
in this direction. The proof is based on a multiplier method and the so-called Wick 
quantization, together with a careful analysis of the symbolic properties of the Weyl 
symbol of the Boltzmann collision operator. 
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1 Introduction 

We consider the non-cutoff inhomogeneous Boltzmann equation: 

d t F + v.d x F = Q(F,F), (1) 

with F standing for a probability density function, and a given Cauchy data at t = 0, 
while the position x and velocity v are in M 3 , see |14| I35| and references therein for more 
details on Boltzmann equation. In ([I]), the collision kernel Q is defined by 

Q(G,F)(t,x,v) = [ [ B(v-v*,a)(F'G'«- FG*)dv*da 
Jr3 Js 2 

where F§ = F(v$) and F^ = F{v'^) for short, v and v* are the velocities after collision, v' 
and v'x before collision, with the following energy and momentum conservation rules 

v' + vl=v + v*, \v'\ 2 + K| 2 = H 2 + H 2 , (2) 

and we will choose the so-called a representation, for a on the sphere S 2 , 

f v ' = + \^A a 

I — v+v* \v-v* \ _ 
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We define the deviation angle by 

a I v ~ v * \ 
COS 9 = ( ,<J). 

\\v-v*] I 

In the case of inverse power laws, the collisional cross section B is approximatively given 
by 

B(v — a) = \v — w*| 7 b(cos 9). (3) 

Without loss of generality, we assume B(v — v*,a) is supported on the set (v — t>*, a) > 
which corresponds to 9 €]0,7r/2], since as usual B can be replaced by its symmetrized 
version 

B(y - u#, a) = B(v — v*,a) + B(v — «*, -a). 

Moreover, we assume that b has the following expression and singular behavior when 
0G]O,7r/2[ : 

< sin#b(cos#) C e^ 2s , as 6 — > 0+, 

for some constant Co > 0, where the symbol ~ means bounded from below and above by 
some positive constants. In the preceding formulas, we will impose the following range of 
parameters, coming from the physical derivation, 

s€(0,l), 7 G (-3,oo), 7 + 2s>-3. 

Note that the last condition on 7 + 2s is weaker than in [21] since we will deal only with 
the linearized part of Boltzmann collisional operator. 

The behavior of this singular kernel is strongly related to the following non-integrability 
condition 

ptt/2 

/ sin 6b (cos (9) d6 = 00, 
J 

which implies some diffusion properties of the (linearized) Boltzmann kernel that we will 
explain in a moment. 

In some expressions involving the integral kernels, it may therefore happen that some 
non-integrability happens and in this case the integrals in question have to be understood 
as principal values (following Anyway we shall do most of the computations as if B 

were integrable and use the principal value trick whenever needed. 

In this work, we are interested in the linearized Boltzmann operator, around a normal- 
ized Maxwellian distribution, which is described as follows. Let this normalized maxwellian 
be 

/ u(^) = (2^)" 3/2 e-H 2 /2. 
Setting F = fi + yfjif, the perturbation / satisfies the equation 

d t f + vd x f-^ 1/2 Q(v, vW)-/^ 1/2 Q(vW, v) = ^ 1/2 Q(^if, y^/), 

since dtF + v • d x F — Q(F, F) = and Q([A, ju) = 0. Using the notation 

we may rewrite the above equation as 

dtf + Vf = T(f, /), 
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where the linearized Boltzmann operator V takes the form 

V = v ■ d x — C = v ■ d x — C\ — £2 

with 

A/ = r(VM, /), c 2 f = r(f, jji). 

The operator V acts only in variables (x, v), is non selfadjoint, and consists of a transport 
part which is skew-adjoint, and a diffusion part acting only in the v variable, see for 
example [21] and the references therein for more comments. 

Our main goal is to improve these previous results, and the main theorem of this 
paper deals with operator V, viewed as an unbounded operator in L 2 (M. x x R^j with 
norm denoted by 1 1 . 1 1 . 

Theorem 1.1. For all I 6 R, there exists a constant Ci such that for all f € 5(R 6 ), we 
have 

|| ( v y \D v \ 2s f\\ 2 + 1| ( v y \v a a,i 2s /|| 2 + 1|(^) 7+2 7|| 2 

+ || ( V y^ 2s+ V |Z> X |V(2-+D /|| 2 + || \ v A Dx \^/(2s+l) / ||2 

<^(ii^/ir+n^)'/ir) 

where D v = \d v , D x = \d x . 

Note that we can take the index I as negative as we wish on the r.h.s. Moreover, note 
carefully that we do not need to take into account the finite dimensional kernel associated 
with the linearized Botzmann operator [2TJ . 

The previous result can be extended to a time dependent version as follows, by con- 
sidering the time dependent operator 

P = d t + v ■ d x - C, 

the functional spaces being now L 2 ([0, T] x R^ x and S ([0, T] x R^ x R^) with norm 
denoted by j | . j | ^ 2 . With this setting, one can show that 

Theorem 1.2. For all I 6 R, there exists a constant C\ such that for all f € S ([0, T] x R^ v ) , 
we have 

|| ( V )^M \ Dt \^k + || ( v y \D v \ 2s f\\ 2 L2T + || ( V y \v A D v \ 2s f\\ 2 Ll + ||(«) 7+2s /||^ 
+ || ( v y /{2s+l) \D x \ 2s ^ 2s+l ^ /|| 2 , + II <^/( 2s+1 ) \ v A D x \ 2s '( 2s+1 ) /|| 2 ^ 

<^(ii^/iiii+ii(^/ny 

The preceding theorems are consequences of the fundamental pseudo-differential prop- 
erties of the linearized Boltzmann operator. Indeed, as we shall see in Section 3, the 
operator C = C\ + £2 can be splitted as 

£1 = —a w —K,\, £2 = —k-2 

where a > is real, its Weyl quantization a w being a pseudo-differential operator of order 
2s, and K. = JC\ + IC2 is controlled by a w (see Proposition 11.31 below and the review about 
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Weyl Hormander calculus in the appendix). Precise expressions of a and /Q will be given 
in Section 3. The most significant part of C is therefore of a pseudo differential type and 
by the next result, we have fundamental symbolic estimates for a, implying in particular 
that operator a w is elliptic in its own calculus (although of infinite order). This very 
strong property allows to avoid the systematic use of Garding type inequalities which are 
not available here. 

In the following, r\ denotes the dual variable of v and V = dv 2 + drj 2 is the flat metric in 
Standard notions concerning symbolic estimates and the pseudo-differential calculus 
are explained at the beginning of section 4. 

Proposition 1.3. Define 

a(v, rj) = (v) 1 (1 + \n\ 2 + \rj A v\ 2 + \v\ 2 ) s , for all (v, rf) G R^. 
Then we can write C = —a w — JC, where 

i) the symbols a, d are temperate w.r.t. T, a, a £ S(d,T), and there exists a positive 
constant C such that C~ 1 d(v,r]) < a(v,r]) < Cd(v,rj); 

ii) for all e > there exists C e such that 

||/C/|| + ||ft/|| <e\\a w f\\+C e \\{vy +2s f\\; 

Hi) for a sufficiently large constant K depending only on the dimension, ax = f a + 
K (v)' y+2s belongs to S(d,F), is invertible and its inverse (a^-)" 1 has the form 

(air 1 =H 1 (a- K y = (a- K y H2 , 

with H±,H2 belonging to B(L 2 ), the space of bounded operators on L 2 . 

Recall that in Hormander's terminology, a £ S(d, T) means that for all multi-indices 
a and /3, there exists a constant C a ^ such that 

\dZtfa(v,rj)\ <C a ^d 

and the same for a. The temperance then implies a correct definition for the associated 
operators. We postpone to section 3 and the appendix a review of these standard notions 
of pseudo-differential calculus. 

The exponents of derivative terms and weight terms in Theorem 11.11 and Theorem 11.21 
seem to be optimal, since the symbolic estimates provided by Proposition II. 31 implies that 
the operator V should behave locally like a generalized Kolmogorov type operator 

d t + vd x + \D v \ 2s , 

for which the exponent 2s /{2s + 1) for the regularity in the time and space variables is 
indeed sharp by using a simple scaling argument (see also [28J). In the particular case 
when s = 1, the coercivity estimate shows that the Boltzmann collision operator, is a 
type of differential operator, just like the Landau equation which seems simpler to handle 
than fractional derivatives, and our exponents in regularity terms and weight terms match 
perfectly with thoses in |22j . 

The main ideas of our proofs of the above theorems rely on some formal computations in 
[T] , on the method by multiplier used in [221 ED] and some microlocal techniques developed 
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by Lerner while using Wick quantization [26]. Let us note that functional estimates from 
a series of work of Alexandre et al. [HI El [6] and Gressman et al. [21] are also helpful for 
a clear understanding of the structure of the collision operator, but a nice feature of our 
method is that we will be able to completely avoid the use of these previous estimates. 
Note that there are some other methods to study the regularity of the transport equation; 
for instance the average arguments used by Bouchut [13] and a version of the uncertainty 
principle used by Alexandre et al. [5] to prove the regularity in the time and space 
variables t, x. However, these results do not provide any optimal hypoelliptic estimate for 
the spatially inhomogeneous Boltzmann equation without angular cutoff. 

Let us end this introduction by giving some bibliographical references about the hy- 
poelliptic properties of the non cutoff Boltzmann equation and related kinetic models. 
Note that the angular cross-section b is not integrable on the sphere due to the singularity 
8~ 2 ~ 2s , which leads to the formal statement that the nonlinear collision operator should 
behave like a fractional Laplacian; that is, 

Q(g, f) ~ —C g (—A v ) s f + lower order terms, 

with C g > a constant depending only on the physical properties of g. Initiated by 
Desvillettes [17\ 118]. there have been extensive works around this result and regarding the 
smoothness of solutions for the homogeneous Boltzmann equation without angular cutoff, 
c.f. [H [10J E3 [19j [201 IM1 EH [33]. For the inhomogeneous case the study becomes more 
complicated. We remark that there have been some related works concerned with the 
linear model of spatially inhomogeneous Boltzmann equation, which takes the following 
form 

dt + v ■ d x + e(t, x, v)(—A v ) s , inf e(t, x, v) > 0. 

t,x,v 

This model equation was firstly studied by Morimoto and Xu [32], where a global but non 
optimal hypoelliptic estimate was established. This study was then improved by Chen et 
al. [16], and also by Lerner et al. in [28] for an optimal local result. We also mention 
[3] where a simple proof of the subelliptic estimate for the above model operator is given. 
For general inhomogeneous Boltzmann equation we refer to [9j El [6] for recent progress 
on its qualitative properties. Finally, let us also mention a recent global result by Lerner 
et al. [29] in the radially symmetric case and the maxwellian case (which corresponds to 
7 = in our notations). 

The paper is organized as follows. In Section 2, we provide precise estimates on the nice 
terms appearing in the splitting of the collision operator C = C\ + £2, involving compact 
parts and relatively bounded terms w.r.t. the operator of multiplication by (v)^ +2s . In 
Section 3 we deal with the main terms, which appear to be of pseudodifferential type, and 
give precise symbolic estimates in the sense of the Weyl-Hormander calculus. Section 4 
is devoted to the proof of the main theorems. An appendix is devoted to a short review 
of some tools used in this work (Wick quantization, cancellation Lemma and Carleman 
representation) . 
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2 Estimates on the linearized Boltzmann kernel 

In this section we study the linearized kernel £ in order to get the full symbol as well as 
symbolic and other properties on the remaining non pseudodifferential parts. Recall that 
the linearized Boltzmann operator £ is defined by 

Cf = ^/ 2 Q(^^ 2 f) + ^ 2 Q(^ 2 f^) 

= ^ J [ dv^daB (nW 2 f - + //(m;) 1/2 /: - mm*) 1/2 /* 

dv.daB(^) 1 / 2 ((^) 1/2 /' - (^) 1/2 / + (M') 1/2 /: - M 1/2 /*) 

= JI dv*daB(^ ((^) 1/2 /' - (^) 1/2 /) + jj dv.daB(^) 1 / 2 (V ) 1/2 - (^ 2 /, 
= £i/ + £ 2 /. 

We shall study more precisely each part of £. Let us immediately point out that 
they have completely different behavior. The non local term £2 behaves essentially like a 
convolution term, with nice estimates, and is relatively compact w.r.t. the main part of 
£1 which will appear to be of pseudodifferential type. 

To simplify the notation, by A < B we mean that there exists a harmless constant 
C > 0, such that A < CB, and similarly for A > B. While the notation A ~ B means 
that both A < B and B < A hold. 

2.1 Study of £ 2 

Starting from the expression of £2 given by 

£2/ = jj dv^daB(^) 1 / 2 (V ) 1/2 /: - {^) l/2 h) , 
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we split it into four terms which make sense even for strong singularities of B, i.e. in 
particular for s > 1/2. This point will be clear from the proof of Lemma 12 . 1 1 below. 

C 2 f = JJ dv.daB(^) 1 / 2 ((// ) 1/2 /: - (/.) 1/2 /*) 

= JJ dv.daB (V /2 ./W) 1/2 " (/^ 1/2 /)^ 1/2 ) + // dv.*rBW* (( M *) 1/2 - (/4) 1/2 ) 

= JJdv*d*B(^f):(^r /2 -» l/2 ) 

+ ^JJdv*daB((^fl-(^f)«) 
+ p 1 * JJ dv.d*B fa) 1 * - (A) 1 *) 
+ JI dv*daB ((^') 1/2 " (M) 1/2 ) ((^) 1/2 " (^) l/2 ) /: 

= £>2,rf + ^2,caf + £-2,cf + £>2,df- 

£-2,ca involves essentially a convolution term and can be treated using the cancellation 
lemma (see and the appendix herein), and the three other ones can be estimated by 
hands. Let us note that the analysis of £2 was already given by (7j, Lemma 2.15, but we 
provide a somewhat direct and shorter proof. 

Lemma 2.1. For all f G <S(R«) and for all a, (3 G R i/iere exists a constant C a $ such 
that 

\\(v) a C 2 (v) p f\\<C a , fi \\f\\. 

Proof. We start with C-2,caf'- 

C 2 ,caf = M 1/2 / / dv.daB ((m 1/2 /)1 - (/ /2 /)*) • 

Applying the Cancellation Lemma (see [TT] or the appendix), we get, for some constant c 
depending only on b: 

£-2,caf = C/U 1/2 J dv*\v - v*| 7 (^ 1/2 /)*. 

This is an integral operator with the kernel K{v,v*) = c^ 1//2 (^*) 1//2 |i/ — i>*| 7 for which we 
can apply Schur's Lemma to get 

\\£2,caf\\ < 11/11- 

Note that the assumption 7 > —3 is needed at this point. 

More generally, replacing C,2,caf by (v) a C,2,ca {v}* 3 f leads to a kernel 

K a ,p(v,v*) = c^ 2 (v) a (/x*) 1 / 2 (v*f \v - 
for which we can use the same argument to get 

\\(v) a £2,ca (vff\\ <C a>f ,\\f\\. 
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Now we deal with £2,0 f- 

C 2 ,J = V 1/2 II dv*daB U^) 1 ' 2 - (^ 2 ) /:. 



We split this term into a singular and a non-singular parts. First consider the non singular 
part: 

£>2,c,nonsingf '= V /2 J J ^*dcr J Bl|„/_ u |> 1 ((^*) 1/2 - (X) 1/2 ) /*• 

As noticed in (7j, one has = ^*/U < (/i*/u) 1//5 due to the kinetic and momentum 

relations in ([2]). Therefore 



Af = \C 2 , c , nonsmg f\ < J J dv.dalB]!^^ {n^ft 
which writes in Carleman representation 

Af<^ 10 I dh f da\ n ^\ Hm |a ),^r +2S l(M 1/10 /)(« + v)\. 

JR? h J E oh \ n '\ 

Recall that Eq^ denotes the hyperplane orthogonal to h and containing 0. By duality, we 
get, for all g G S, 



\a + h\ 



\(Af,g)\ < dv I dh I dal| fe |>il| a |>| 
< I dv I dh I dala^ilu^u, 
which upon using ()75p yields 



l+7+2s 



|(M 1/10 /)(a + t;)| 



|/l| 3 + 2s 

2S |(^/ 10 /)(« + ^)ll(^ 1/10 5)WI 



a |l+7+2 S 



\(Af,g)\< [ dv f da! dM^^il^^i.i^-^l^/^ + ^ll/^ 1710 ^)! 
< [ dv [ da\a\^ + \^ 10 f(a + v)\\^ 10 g(v)\. 



Therefore 

IW,5)l<||/^ 1/20 /||||^ 1/20 5|| 

from which we directly get 

|| (v) a C 2 ,c,nonsing (v)^ f\\ < C a! p\\f\\ (4) 

for all real a and /3. 

For the singular part J-.2,c,sing, Carleman's representation (see ITS]) gives 



C2,c,singf = ^ 1/2 / dh dab(a, h)l\ a \>\ h \ ^\h\<i 



/ , N I n, _i_ /i|l+7+2s 

^1/2( Q + „ _ fc) _ ^l/2 (a + v) j \_±_^__ f{a + y) 



s 



Changing h — » —h and adding the resulting two formulas (so we see that formally we 
cancel higher singularities, recall also that b(a,h) = 6(±a, ±/i)) yields 



L|fc|<l 



C-2,c,singf =\^ 1/2 [dh [ dalt\ a \>\ h \t 
Z Jh JE 0>h 

\h\ 



\ |rv 4- /)| 1 +T+ 2s 

/i V2( a + v - h ) + ^/2( Q + w + fc) _ 2 ^ 1 /2 (q + j /(a + ^ 



Factorizing by n l / 2 (a + u) we get 



£2,c,sin g f = \^ l/2 [dh [ dabt Hm t\ mi (e- 2 ^- h + e~ 2 ^ +v > h - 2 

^ Jh J £o,h 



| a + /l |l+ 7+2s 



3+2s 



The term in parentheses is bounded by \h\ 2 fi 1//4 (a + v) thanks to the condition on the 
support for h, and since \h\ < \a\, one has 



f f \a\ ^ 

\£2,c,singf\ ^ ^ 1/2 I dh j dat\ a \>\ h \\\ h \< x |,i 1+2s ^ 1/4 (a + v)\f(a + v)\. 

Jh J E Qh I"! 

Using again (|75|) and the duality argument as in the non-singular case (now the singularity 
in h is integrable), we easily get 

\\ (V) a Casing (vff\\ <C a<P \\f\\ (5) 

for all real a and /3. At this point the assumption 7 + 2s > —3 is needed. 
We now analyze L2,rf ■ Recalling that 



C 2 , r f = J J dv*daB(^ 2 f)'* ((//) 1/2 - ^ 
we see immediately that, using the classical pre-post velocities change of variables that 

(£2,7-/, #) = (/,£2,cfl0 

and thus we are done for this term. It remains to study £2,^/ which is exactly 

C 2 , d f = fj dv*daB ((,0 1/2 - (M) 1/2 ) (V) 1/2 " (^) 1/2 ) K 

Using the equality a 2 — b 2 = (a — b)(a + b) for the gaussian functions in the above factors, 
we see again that we can put some power of a gaussian together with /, by using the 
argument of [7]: that means that for some c > 0, d > 0, one has 



IAm/I < » d jjdv*daB ((^') 1/4 " M 1/4 ) (V) 1/4 " (M'J 1/4 ) 
and then the remaining analysis is exactly similar to £-2,c,singf ■ 



□ 
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2.2 Splitting of d 

The operator C\ will also be cut into several pieces, which will require two different types of 
arguments. For some of the nice parts, tools similar to the ones in the previous section will 
be sufficient. The remaining pseudo-differential parts will be treated in the next Section. 
Recall first that 



£l/ = J J dv.daB(^) 1 / 2 ((//J 1 / 2 /' " (M 1/2 7 



Let 5 > be a small parameter, say 5 = 1/100 fixed once and for all. We first split 
the above integral according to whether or not \v' — v\ > S. To this end, let (p be a 
positive radial function supported on the unit ball and say 1 in the 1/4 ball. Consider 
(fsiv) = ^(MV^ 2 )) which is therefore for \v\ > 5 and 1 for \v\ < 5/2. By abuse of 
notations we shall also denote tps(r) = tps(v) when \v\ = r. Set Tp 6 (v) = 1 — <ps(v), which 
is therefore for small values and 1 for large values. 

Then C\f can decomposed as the sum of the following two terms 

Ci,sf = ff dv*daB^ s (v' - v){^) 1 ' 2 ((//J 1 / 2 / - (M*) 1/2 /) 



d, s f = ff dv*daBip 5 (v' - v)(^) 1 ' 2 {[^ 2 f - Gu*) 1/2 /) . 



and 



Note that C\j is a cutoff type Boltzmann operator. We split it into two terms since 
there is no singularity any more 



C 1>s f = 1 1 dv^daBlpsiv' - ^)( / u*) 1/2 (^) 1/2 /' 

dv*daBv 5 (v' - ^)(M 1/2 Gu*) 1/2 ) / 
= £l,6,af + £l,6,bf- 
As for C±s, again we split it into four terms: 

C ltS f = ff dv^daBMv' ~ v)(^) 1/2 (0O 1/2 /' ~ (^) 1/2 f) 

dv.daBMv' ~ v)(p'J 1/2 (f - f) (V) 1/2 - {^) 1/2 \ 

dv*daB<p s (v' - v){^f/ 2 ((M 1 / 2 - (//J 1 / 2 ) \ f 
+ JJ dv t .daBfs(v' - v)fi[ (/' - /) 

+ {^j j dv*daBip s (v' - v) (/^ - /i*)^ / 

= £1,1,5/ + A.4,5/ + -^1,2,5/ + A,3,5- 

Let us immediately notice that this splitting takes into account all values of s. However, 
for small singularities < s < 1/2, a simpler decomposition is available and avoids some 
of the issues dealt with below. We note that C\ 4 5/ and L\ 3 sf are of multiplicative type, 



+ 
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and together with £i,s, a f > they will be studied in the next subsection. They will appear 
later as relativeley bounded terms with respect to £-1,1,5 + £\,2,sf ■ These last two parts 
will appear to be of pseudodifferential type, and we shall estimate them very precisely in 
section 3. 

2.3 Relatively bounded terms in C\ 
Study of £ lj3)<5 

Using some arguments from the proof of the cancellation lemma, see for example we 
get the following 



Lemma 2.2. For all f € 5(M 3 ), we have, for all s < 1 

\\£i,3,sf\\ 2 <S 2 - 2s \\<v>^ f\\ 

and £1,3,6 commutes with the multiplication by {v) a for all a G R. 

Proof. The last assertion is trivial since £1,3,6 is a multiplication operator. For the 
inequality, recall first that 

£i,3,sf(v) = (J J dv*do-B(p s (v' - v) (/4 - / 

Going back to the proof of the cancellation Lemma, we get that 



J J dv*do-Bip & {v' - v) (/4 - fjL^j = S * Vf (jl(v) 



where, letting ^(1^1) = <ps(z) for all z G M 3 , S has the following expression 



r /2 ( \a & 

S(z) =|z| 7 / d9 sin 6b(cos 6) tps{ J s i n o) cos 

Jo V cos 2 2 

2 \z\ 6 ( 8 \ 

d9 sin #6(cos 6)ij) S {-^-\ sin -) I cos" 3 ^ 7 - - 1 J 
cos I 2 \ 2 J 



3 - 7 --^(|,|sin-) 



■> 



+ \z\ 1 I d9 sin 6b(cos 6) ( ips( • L sin -) — sin -) 

\ cos ^2 2 



2 



-Si(z) + S 2 (z). 



The first part Si(z) is less than |z| 7 since the integrand has small enough singularities in 
the 9 variable, and we have 

|£i(*)|<M 7 . (6) 

The second part is zero if \z\ < 5/2, and we suppose therefore that \z\ > 5/2. Note also 
that for z bounded, say for |z| < C where C is sufficiently large to be fixed later, S2 (z) is 
also bounded. Since 

\z\ . 9 . . 9 

zr sm - > \z\ sin -, 

cos § 2 " 1 1 2' 
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we get that if |z|sin| > 5, the integrand is 0, and similarly for small values of 0. In 
conclusion when \z\ > C, the second integral can be estimated as follows : 



r cS \z\ 1 f \z\ 6 6 \ 

S2{z) = \z\ 1 I dd sin 6>6(cos 9) \ ip s ( w sin -) - i>s{\z\ sin -) , 

Jc'S\z\- 1 \ cos ^ z 1 J 



lc'5\z\- 

where C is a posteriori chosen so that C~ l c5 < tt/2. Using Taylor formulae, we get 
\S2(z)\ < S' 1 ^ 1 / d66 2 b{cose)[cos- 1 6/2 - 1] < S' 1 ^ 1 / d9e 4 b(cos9) 

Jc'S\z\- 1 Jc'8\z\- 1 

< 5- l \zy +l f* w dee 2 ~ 2s ~ s^z^s 3 - 28 ^^ 28 

< (5 2_2s |z| 7+2s_2 . 

From this estimate and ([6]), we get the result of the Lemma. □ 



Study of £i 5 (I 

We deal now with the non singular part Ci s, a °f £i f° r which we have the following result 
Lemma 2.3. For all f G 5(M 3 ) and for all a, /3 G M suc/i t/iai a + /3 + 7 < 0, we Ziaue 

||(t;) a £ li5 , a (^/H^r 1 - 2 ^^!!/!!. 

Proof. Recall that 



so that 

(u> a A, 4 ,„ / = (v) a J I dv*daBlp s {v' - v)^) 1 / 2 ^) 1 ' 2 ^ /)'. 
An application of Carlemann's representation (see the appendix for instance) shows that 
\ (v) a C 1M (v) 13 f\ < (v) a f dh J dal H > w l lhl > s/2 ^ 1/2 (a + v)fi 1/2 (a + v - h) 

( v -hf\f(v-h)\ 



\h + a\ 1+ ^ +2s 



W (7) 



< {v) a I dh I da\\ h \> s/2 ^ ,2 {a + v)v 1/2 (a + v - h) 
(v-hf\f(v-h)\, 



\a\ 1+ ^ 2s 



\h\* 

where we used that \a\ > \h\ for the second inequality, and Eq^ denotes the vector plane 
containing and orthogonal to h. Now we can write 

e -\ a +v\ 2 = e -\ a+S (h)vf e \S(h)v\ 2 -\vf 
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and similarly 



e -\a+v-h\ 2 = e -\ a+S (h)(v)\* e \S(h)(v-h)\*-\v-h\* 



so that 

1/2 



+ v)^ 2 (a + v-h) = e-I^W-l 2 (>(|S(/^I 2 -M 2 )+M 2 -|^I 2 ) 

_ p -\a+S(h)v\ 2 ( 2{\S{h)v\ 2 -\v\ 2 )+2vh-\h\ 2 



1/2 



Putting this in (0) gives 

\(v) a Ci,s,a(vf f\<(v) a f dh [ dal\ a \>\ h \l\ h \> S /2 ^ a l l3+2s (v - hf \f(v - h)\ 

Jul Je .h \ n \ 



e -|a+S(ft)i;| a f e 2(\S(h)v\*-\v\ 2 )+2vh-\h\* 



v 1/2 



Integrating with respect to a we have 



h 



I (^> a Ci,s,a (vf f\ < (v) a l_ m dhl w > s/2 (S(h)v) 1+ ^ +2s (v - hf \f(v - h)\ 



e 2(\S{h)v\ 2 -\v\ 2 )+2vh-\h\ 2 



1/2 



(« 

< / dzl^ zl>s/2 (vr(S(v-z)v) 1+ ^ 2s - 1 ( Z f\f\( Z ) 

JW% F ~~ z l 

A 1/2 



J 2(|S(«-z)i;| 2 -|^| 2 )+2i).(«-z)-|i)-2| 2 



d ^ f / K a ^v,z)\f\(z)dz 

JR3 



with 

#a,/30, z) = l|«-z|>5/2 - z)v) 1+7+2s _ - 3+2s 



e 2(|5 , (-u-^)«| 2 -|w| 2 )+2-y.(w-^)-|u-^| 2 



1/2 



We want to apply Schur's Lemma. To this end, let's first integrate w.r.t. to z, to get 

dzK a ^(v,z) = I dz\\ v _ z \> 5/2 (v) a (z) p (S(y - z)v) l+1+2s _ \ +2s 



\v — z\ 

2_U,|2\ I a,,, (.,_ _\_ |„,_ _|2 ' 



2(\S(v-z)v\ 2 -\v\ 2 )+2v.(v-z)-\v-z\ 
/Q(h\„,\ 1 +'y+ 2s 



dhl m5/2 (v) a (v-h) p (S(h)v) 

,2(\S(h)v\ 2 -\v\ 2 )+2vh-\h\ 2 



1/2 
1 



|/ l |3+2 S 

1/2 
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so that 

dzK a ^(v,z) 

/ h \(!+7+2s)/2 1 



f ( h \( 1+ T+ 2s )/ 2 1 

J R3 dhl ^ 2 ^ a y 1 + h 2 - 1- R i 2 J p^ 2s 



-2|«. T | T | 2 +2u-/ l -|/ l | 2 ^ 1 / 2 

12 „, \ (l+7+2s)/2 



/ \v\ 2 V \\ 1 " 1 

^i|fci>«/2 ( v ) a [i + M 2 - j7^2 1 1^| • y^sT2i ( v - h ) 

i + H 2 - 2 l v lp| • ^ + \ h \ ) ( e ^ H H J 



Shifting to polar coordinates, with an axis along direction we obtain 

dzK at/3 (v,z) < I I drd(p(v) a sin ip (l + |-u| 2 - |-u| 2 cos 2 (1+7+2s)/2 ^— ^ 



(1 + | v |2 _ 2 | w | r C o S + r-Y / 2 (e" 2 ^! 2 cos2 cos ^ l ' 2 _ 

Note here that if |v| < 1, then we directly get that J R3 dzK a> p(v, z) < 1. Assuming now 
that |i>| > 1 and setting t = cos tp, we get 



/ dzK a> p(y,z) 



< 




(vrivl" 1 / / ^(l + | U | 2 -t 2 )( 1+ ^ +2s )/ 2 e"( r " t ) 2 / 2 ^ r (l + |t;| 2 -2rt + ry/ 2 



1 fOO 1 

drdi M a (1 + M 2 - | u | 2 t 2 )( 1 +^+ 2s )/ 2 e(- 2 ^l 2t2+2 l^ ri - r2 )/ 2 ^ r 
(l + \v\ 2 -2\v\rt + r 2 f/ 2 

\v\ poo 

drdt h + \ v y - ^ui+7+^/a e -ir-tr/a 

|v| r + 

/ drdt{\ + \V\ 2 - t 2 )a+7+2s)/2 e -(r-t) 2 /2_i_ (1 + | w |2 _ ^ + (f _ ^2^ 
-|v| jS r 

In the inner term, note that \v \ 2 — t 2 > 0. We now use Peetre's inequality 

(uf (u + w)~ m < (w)P < (u) p (u + w) m , 

to get here 

(1 + (up -t 2 + {r- iff' 2 < (1 + \v\ 2 - t 2 fl 2 (r - t)W . 
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In addition, since 5 = 1/100, then r > 5 implies that r > C5 (r), for some C. Thus 
/ dzK a ^(v,z) 

M 

/\v\ POO . .1 

/ dvdt{\ + \V\ 2 - t 2 ) (l+7+2 S+ /3)/2 n _ t f\ e -(r-tf/2\ _J_ 
-\v\ J—oo ^ ' (r) 

< 5~^ 2S (v) a l^- 1 dt(l + \v\ 2 - £2)(l+7+2 S +/3)/2_L_ 

/-|t;| (t) 

< r l-2s {v) a-l f lVl dt r 1 + lvl 2_ t 2 ){ l 
JO 



+7+2s+/3)/2_ 



,l+2s • 



(8) 

Now for evaluating this quantity, we split the integral into two parts. First note that 
M/2 i r\v\/2 

dt(l + | V p _ t 2 )( l +7+ 2 S+/3 )/2 _1 < (w) l+7+2s +/3 / ^_ 



<t) 1+2s ~ w 7o (t) 1+2s (9) 

For the remaining part, we write 

f H dt{ l + |„|2 _ t 2 )( l +7 +2 S+ ^)/2 1_ 
7|«|/2 (t) 

< (V)- 1 - 25 Z^' rft(l + \V\ 2 - t 2)(l+7+2 S +/3)/2 

7|«|/2 

<(«)^ 2s r dt(i+(\ v \-t)(\v\+t))^ +2s+ ^ 2 

J\v\/2 

< (vy 1 " 28 [ M dt(l + |«|(|«| - i))(l+7+2 S +«/2 

7| V |/2 

Posing s = \v\(\v\ — t), ds = —\v\dt, we get 

r \v\ 2 /2 

< (v)- 1 - 28 Iv]- 1 / ds(l + s)^ +2s+ ^ 2 

Jo 

< ( v r^ 2s ivr 1 (v) (1+i+2s+p)+2 



(10) 

Putting estimates © and (fTUj) in (jSJ) we get 

< 5 _1 ~ 2s (u) Q+7+/3 
^r 1 - 25 ifa + /3 + 7 <0. 
In conclusion, we have obtained that if a + (3 + 7 < 0, then 

/ M^^^r 1 - 28 . (11) 
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Now we look for the integration w.r.t. variable v of K a $. We have 
dvK a> p(v,z) = I dz\\ v _ z \> 6/2 (v) a (z) 13 (S(v - z)v) l+1+2s 

D \S(v-z)v\ 2 -\v\ 2 + \S(v-z)(z)\ 2 -\z\ 2 



1/2 1 



If — d 3+2s ' 



since by direct computation 

2(\S{v - z)v\ 2 - \v\ 2 ) + 2v.(v - z)-\v- z\ 2 

= \S(v - z)v\ 2 - \v\ 2 + \S(v - z){z)\ 2 - \z\ 2 . 

Taking h = v — z, dh = dv, we get 

dvK a ,fi(y, z)= f dhl w > 5/2 (z + h) a (z)l 3 (S(h)(z + h)) 1+ ^ +2s 

1/2 1 



dhl\ h \> s/2 (z + h) a (zf(S(h)z) 

1/2 1 



,|S(ft)(z+fc)| a -|z+h| a +|5(fc)(z)| a -|z| a 

r (zf {s(h) Z ) i+ ^ +2s 

,\S(h)z\ 2 -\z+h\ 2 +\S(h)z\2-\z\ 2 

so that expanding again the brackets, we get 
dvK a g(v, z) 

3 

z 

J dhl ]h] > s/2 (1 + \z\ 2 + 2z.h + \h\ 2 ) a/2 (zf (l + \z\ 2 - \z±A 

-\z*\*-2z.h-\h\» -\z.^\ X / 2 1 



\h\ 



3+2s 



3+2s 



(l+7+2s)/2 



We shift to spherical coordinates (along axis w.r.t z) (h = ruS) to get 
dvK a a(v,z) 

3 

noo 
dipsmipdr {zf (1 + \z\ 2 + 2\z\r cos^ + r 2 ) a l 2 {\ + \z\ 2 - \z\ 2 cos 2 ^) (1+7+2*0/2 

1/2 i 



r l+2s ' 



-|z| 2 cos 2 ip— 2\z\r cos ip—r 2 g— |z| 2 cos 2 

Set t = cos </? to get 

dvK a ^(v,z) 

1 poo 

dt / dr (zf (1 + \z\ 2 + 2|*|rt + r 2 ) Q / 2 (l + \z\ 2 - \ z \2 1 2^+2s)/2 
■1 J<5 

e -|2| 2 t 2 -2| Z |rt-r 2 e -|z| 2 t 2 ^ 1/2 1 



r l+2s ' 
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We note again that if \z\ < 1, this integral is bounded uniformly. We therefore assume in 
the following that \z\ > 1 and change variable tf = \z\t to deduce that 

dvK a ^(v,z) 

/\z\ poo 
dt / dr (zf (1 + \z\ 2 + 2rt + r 2 ) a l\l + \z\ 2 - ^)(i+7+2s)/2 
-\z\ JS 



1*1 



(t+r) 2 /2-t 2 /2_ 1 



r l+2s 



r\z\ roc i 
< \ Z \~ X / dt dr { Z f (1 + \ Z \ 2 - t 2 ) (l+7+2 S+a )/2 {j , + ^|«| e -(t+r)V2 e ^/2^ 



\z\ J8 i 

where the last inequality is a consequence of Peetre's inequalities. With exactly the same 
argument as before for the integration w.r.t. r, for small 5, we obtain 

dvK a ,p(v,z)<5- 1 - 2s (z) a+ ^ 
and thus 

/ dvK ajf) (v,z)<5- 1 - 2s (12) 

when a + (3 + 7 < 0. From ([11]) and (fT2j) . Schur's Lemma applies and this concludes the 
proof of Lemma 12.31 □ 



Study of £ 14 5 

Recalling that 

A,4,5/ = / // dv*daBMW ~ v\ 2 )(^) 1/2 (V) 1/2 " 04) 1/2 ) 
one has the following Lemma 

Lemma 2.4. For all f G <S(R^), we /iawe, /or a// s < 1 

||A,v/|| 2 <^ 2s ||<^> 7+2s /||, 

and >Ci 4 5 commutes with the multiplication by {v) a for all a £ R. 

Proof. The last assertion is again trivial since £1,3 ,5 is a multiplication operator. Using 
the formula 2a(6 — a) = b 2 — a 2 — (b — a) 2 , we get 

£1,4,5/ = ^/ // dv*do-Bip 8 (v' - v) ((//*) - (//J) 



2 

+ £>(«)/. 



i/ // dv*daB<p s (v' ~ v) (Gu*) 1/2 - (//J 172 )' 
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We first deal with the first term. Using Carleman representation, we have 

If f ~ \a + h\ 1+1+2s 

A ( v ) = ^ / dh / dab\\ a \>\ h \(p8(h) (fi(a + v - h) - fi(a + v)) 



Again we have to kill high singularites and give a sense to this expression. For this purpose 
we change h to — h and add the resulting two formulas; this gives 

A ^ = \ l. dh L da ^ )1 \a\>\h\ l Ps( h )'X 



+ v — h) + /x(a + u + h) — 2/i(a + «)) ILI3+2s ; 



and thus 



l^(«)| < dh daMh) x ^(*+v>h-h 2 + e -2( a +vyh-h* _ ^ 



x |a| 1+7+2 >(a + t;)- 



\ h \3+2s 

< I 'dh f daw(h) x (\a\ 1+ ^ 2s ^ 2 (a + v)) 1 



l+2s : 



where we used that the big parenthesis is bounded by a constant times \h\ 2 fi x l 2 {a + v) 
thanks to the condition on the support of h. Using (|75p we get 



Again the condition 7 + 2s > —3 is need in the last step. 

For the second term D(v) we essentially follow the same procedure, except that we 
don't need to use a symmetrizing argument to kill singularities. We write 

1 f f . 2,,. .. M ..1/2, , ^ 2 !« + ^| 1+7+2S 



< da dhtpsWla^^ia + v)^ 
M Je 0iOI \h\ 2s 

<5 2 ~ 2s [ da\a\-< +2s f i 1 / 2 (a + v)<5 2 - 2s (vy +2s . 



D(v)\ = - Idh dal\ a]m <p 5 (h) (V /2 (a + v-h)- / /2 (a + «)) 



< Idh dal Hm Mh) (e^ h - h2 ' 2 - l) /x(a + « 



2 |q + /i| 1 +t+ 2s 



3+2s 



3+2s 



< dh da\\ a \>\ h \Lps{h)ii 1/2 {a + v)— — j 



l+7+2s 



following the same arguments as before. From the estimates on A(y) and D(v), the proof 
is complete. □ 
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3 Pseudodifferential parts 



In this section we deal with the remaining parts of C\, namely a multiplicative operator 
£l,5,6, the main term £1,2,5 which will appear to be of pseudo-differential type, and the 
term £1,1,5 are also of pseudo-differential type but with lower order, our goal being to 
prove Proposition 11.31 

In the following, we keep the notation for <pg, the positive compactly supported function 
equal to 1 in a 5-neighborhood of as introduced previously in the definitions of the 
operators, and let Eq^ w denote the vector plane containing and orthogonal to uj . We 
study each operator separately. Proposition 11.31 will be obtained as a direct consequence 
of Proposition 13.41 and Proposition 13.11 below. 

3.1 Study of the principal term £1,2,5 
Recall that 

£1,2,5/ = J J dv*daB(p s (v' - v)[i[ (/' - /) 

where 

B(v, a) = \v — f*| 7 6 ( ( 7- — -^7, 
V\|u-u*| 

This will appear to be a genuine pseudo differential operator of order 2s for which we can 
control the weigths. Namely one has 

Proposition 3.1. We can write 

£1,2,5 / = -a p (v,D v )f, 
where a p is a real symbol in (v, n) satisfying: 
i) there exists C > such that for all < k < 1, 

< a p (v, V )<C (vy (1 + \r]\ 2s + \n A v\ 2s ); (13) 
a p e 5 ({v) 1 (1 + \v\ 2s + \n\ 2s + \ V A v\ 2s ), T) . 



c~ 
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Proof. From the expression of £1,2,5 , using Carleman's transformation as in previous 
arguments and as in [1] (see also the Appendix), we get 

£1,2,5/ = t dh ( l H > w <p 5 (h)dafi(a + v)\a + h\ 1+ ^ +2s (f(v - h) - /(«)) -pj^. 

This integral is typically undefined for large values of s, and we have to use its symmetrized 
version in order to give a meaning in the principal value sense: for this, we change h to 
—h and add the two expressions so that 

£1,2,5/ = 1 I dh ( dabt H > ]h m(h)Ka + + h\ 1+ ^ +2s 

1 Jh JE 0th 



(f(v-h) + f(v + h)-2f(v)) 



\ h \3+2s 

ee -a p (v,D v )f(v) = f a p (v,r ] )f(r ] )e i ^dr ] 

JR3 
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with 



a p (v, V) = ~l [ dh I dabl H > lhl Mh)v(u + v)\a + h\ 1+ ^ +2s (e"^ + e^ h - 2 
dh [ dabl\ a \> w ip s (h)[i(a + v)\a + h\ 1+1+2s (1 - cos{rj ■ h)) 



\h\ 



3+2s 



(14) 

The non-negativity of a p (v,r]) is clear and we work now with this symbol. First recall 
that on the support of the integrand, we have \h\ < 5 < 1 and that a J_ h, so that 



< a p (v,rj) 



f M3h dh j E ha\>\h\hh\<& da ^ a + v ) (a) 1+1+2s (1 - cos(r] ■ h)) ^ +2s - 



Now we can shift to spherical coordinates h = roj, and (forgetting the truncation in a) we 
get 

a p (v,7]) < / / drcL; / dct[i(a + (a) 1+7+2s (1 — cos{rrj.uj)) —r—, 



It is possible to integrate directly w.r.t. r, and use the fact that 

1 



o 



(1 - cos(rr].uj)) rl+2s dr < C s \i].u)\ s . 



In fact, note that 



6 ^ r$\u-ri\ i 

(1 - cos{rr].uj)) ~^pr s dr = l w ' v\ 2s \ (1 ~ cos(r)) -^j^dr 



'0 ' Jo 

Next, we choose a small constant c such that 1 — cosr > r 2 if r < c. 
If \ui ■ rj\ > c, then we get 



i-cS 



(1 - cos(r7].uj)) -j^dr > \r].uj\ 2s / (1 - cos(r)) ^^dr > 5 2 2s \u ■ r]\ 2s , 



'0 r -- 

while if \uj ■ rf\ < c, then we get 

f<5 r 5 



f fir 

j o i 1 - c°s(rr].u))) -^dr > \u ■ r/\ 2 r 2 -^dr > 5 2 ~ 2s \u ■ 



'o Jo 
On the whole, we get 

f<5 



f 1 

/ {1 - cos{rr].uj)) — T& dr > 5 2 ~ 2s min{|a; • r?| 2 , |w • t?] 23 }. (15) 

Jo r 

In fact the same type of arguments show that we get a similar upper bound, and eventually 

5 2 ~ 2s mm{\u ■ r]\ 2 Au ■ r]\ 2s } < [ (1 — cosirrj.u)) — j-^-<ir < 5 2 ~ 2s \uj • r]\ 2s . (16) 

Jo r 

Next, we deal with the upper bound on a p . A crude estimate is enough and we get 

a P (v,v)< [ du> I da^a + v)^-^ 23 (a) 1+ ~< +2s . (17) 
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S(v)ri 



t = S(v) n /\S(v) V \ 
k — v / 1 v | 



Figure 1: Polar coordinates 

Splitting v = S(u)v + (ui ■ v)ui, we have 

\a + v\ 2 = \a + S(u)v + (u • v)uj\ 2 = \a + S(u)v\ 2 + |(w • u)| 2 
since a and co are orthogonal. We can therefore write 

to get 



(18) 



si Je , 



(v,rj)< du dae^ a+s ^ e-^ 1 '^ \u ■ 7]\ 2s (a) 



2* l n \ 1+7+26 



(19) 



Next, note that 



and thus 



,(u,t/) < / duoe-\^ v) \ 2 < S(oj)v > 1+ t+ 2s \u3 ■ v \ 2s . 



2s 



(20) 



We introduce polar coordinates in a coordinate system where i = S(v)r]/\S(v ) • rj\, 
k = 

In this system, we note that (us ■ k) = cos(<^). Besides we have 77 = (r/\k)k + S(v)rj so that 

cj • 77 = (77 • k)(k • w) + (S(v)rj) ■ u 

= ( V -k)(k-u;) + (S(v)r ] )-(S(v)oj) 
= (r,-k)QfLo) + (i-(S(v)u))\S(v)r,\ 
= rj ■ kcos(9j) + \S{v)rj\ sm{ip) cos(0). 



and in a similar way 

\S{u)v\ 2 
We therefore get 

"7T /*27T 

dip j 
'0 jo 



|< - \(v.u)\ A = \v\ 2 (l - cos%)) = \v\ z sm 2 (Lp) 



a P (v, V )<l dtp I ^sin( 9 9)e-H 2c - 2 M(l + |,;| 2 s in 2 ^)) {1+7+2s)/2 

1 77 • kcos(c^) + \S(v)r]\ sin(ip) cos(0)| 



2.s 
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Setting cos (p = t in the preceding formula, we get 

f27T 



a P (v, V )< / de/ dt e -H 2 * 2 (l + |,| 2 (l-t 2 )) (1 ^ +2s)/2 
Jo Jo 

\r]-kt+\S(v)r]\Vl-t 2 cos(#)| 2s . (21) 
If we bound roughly 1 — t 2 and cos(<^) by 1 we get 

a P (v,v)< FdB Cdt e-H 2i2 (l + |H 2 ) (1+7+2s)/2 (k-kt| 2s + |S(^| 2s ). 
Jo Jo 

If we set y = \v\t, we get 

a P (v, V ) < ±- (v) 1+ ^ +2s I** dO I" dy e'^ (\r, • k| 2s ^ + \S(v) V \ 2s ) 
l u l j o j o V \ v \ / 

< A (^) 1+7+2S (l 7 ? • k ! 2S ^ + \S(v)v\ 2s ) (22) 



1 17 1 ' V \v\ 2s 

/ \l+7+2s / a1+7+2s 



< 



2.s 



For 1 | > 1, we therefore get 

a p ( U)7? )<(^H 2s + (^ +2s |5W7 ? | 2s , 

and thus 

a P (v, V )<(vy(\ V \ 2s + \vAr,\ 2s ), 

since |u A r/| = |v||S'(?;)r/|. For |v| < 1, a rough estimate gives directly \a(v,r])\ < (r]) 2s so 
that the preceding estimate is also true. The proof of the upper bound is complete. 

Now we deal with the lower bound. In order to prove this result we shall use the 
formula (1141) that we recall 



a v (v,t]) = I dh I dab(ps{h)l\ a \>\ h \Li(a + v)\a + h\ l+1+2s (1 — cos(t] ■ h)) 



H 3+2s ' 

As we want a lower bound we can restrict the integration range to {\a\ > 10} since the 
integrand is non negative. We use also the facts that b is bounded from below by a positive 
constant and that \a + h\ ~ \a\ since a _L h and \h\ < \a\ in the preceding integral. This 
gives 

a P {v,r])> I dh I <f 5 (h)l\ a \> w dafi(a + v)(a) 1+7+2s (l-cos(r]-h))—^^. 

JR3 JE oh \ n \ 

We can use some of the previous computations, and from (|15p -(|16 p we get as in (|19p . with 
here C s ~ 5 2 ~ 2s , 



»p(«, i) > Cg I du I dal H>10 eH a +^>l • r?| 2 , \ u ■ V \ 2s } <a> 1+ ' 

Jsi Je ,„ 
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Consider 



E , 



Then 



a P (v, Tj)>C s I dwe-'^l 8 < S(u)v > 1+ t+ 2s min{|w • t/| 2 , |w • r/| 2s }. (23) 
is 2 , 



'52 

We now consider an arbitrary real < k < 1. Using the fact that 

min{|a; • r]\ 2 , \u ■ r]\ 2s } > \co ■ r/\ 2s - 1, 



and that the right member in (J23J) is non-negative, we get that 

a P (v,ri)>KC 6 [ dioe-^ v ^ 2 < S(oj)v > 1+ ^+ 2s mm{\uj ■ V \ 2 , \uj ■ r]\ 2s } 



'si 

> kC 5 [ dcoe-^ v ^ 2 < S(oj)v > 1+ ^+ 2s (|o, • r)\ 2s - 1) 



> 



kC 5 / dwe-l^")! 3 < 5(w)u > 1+ ^ +2s |o> • ^ (24) 

•As?, 



We split the study of the two terms a pp and a pr . For a pp , we can use the computations 
thereafter and similarly to (j20[) . This gives 



a pp (v, rj) 



r de r dte-w 2 * {i+\ v \ 2 {i-t 2 )) 

Jo Jo 



2^(l+7+2s)/2 



i) ■ kt + |5(u)t7| \/l -i 2 cos(0) 

Now an easy remark is that the symbol a has the following parity properties: 

a pp (±v,±r]) = a pp (v,r]). 

We can therefore suppose that r] ■ k > in all the computations. Moreover we can restrict 
the above integration to the following subsets 

t€[0, a/3/2], 0€[O,7r/3], (25) 

which implies that all terms inside the absolute value 

\r) ■ kt + \S{v)r]\Vl-t 2 cos(0)| 

are non negative. We therefore get, when ([25]) is fulfilled, that 

/ I I o \ (l+7+2s)/2 

(l + H 2 (l-t 2 )) (1+7+2s)/2 > (l + ^) >c sr/ (v)^ 2s 
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and 



1 77 • kt + \S(v)ri\Vl - t 2 cos(9)\ 2s > 4T 2s \r] ■ kt + \S(v)r]\\ 2s 

|2s , \c/_.\i2s 



>c s {\ V -kt\ 2s + \S(v) V \ 2s ). 
Therefore we have 

/•tt/3 pVs/2 

a PP (v,v) > / dO / eft e"H 2 * 2 <z,) 1+7+2s (1^ • kt| 2s + \S(v) n 
Jo Jo 

As in the case of the upper bound, we set y = \v\t, and get for \v\ > 1 that 

-tt/3 rV3\v\/2 f „2s 



a PP (v,v) > n <^> 1+7+2s / W d y 1^ • k l 2s rW + l^l 2 

l u l io io V \ v \ 

1 , } l+ 7 +2 S /" 
M ./o 



/3 /■v / 3/2 / 2s 



\v\ \ \v 



>±(v) 1+ i +2s \ v .k\ 2 * -L- + \s(v)n\* 



>{(vr\v\ 2s + (vy +2s \s(v) V \ 2s 

where in the last inequality we use that rj ■ k > and the fact that if 77 • k < \rj\/2 then 

\S(v)r,\ > y/3\ V \/2. 
Since \v Ar]\ = \v\\S(v)r]\ we get for \v\ > 1 the desired result 

a PP (v, V )>(vy{\ V \ 2s + \vAr)\ 2s ). (26) 
For \v\ < 1, a direct verification, without the change of variables |v| t — > y, gives 

/•tt/3 /■v / 3/2 

a PP (v, V )> d9 dte~ t2 {\i 1 -kt\ 2s + \S(v)r,\ 2s ) > \ V ■ k\ 2s + \S(v) V \ 2s 

Jo Jo 

> \t]\ 2s + \v Arj\ 2s . 

So the preceding estimate (|26|) is also true for |u| < 1. 

For the remainder term in ()24p . we can use similar computations as the ones done for 
the upper bound for a p , and we easily get 

Putting this estimate and (|26|) together into (|24|) completes the proof of the lower bound 
in (USD. 



Now we deal with estimates on the derivatives in ry and v of a p . Recall that 
a P (v,v) = J R3 dh J E dabl\ a \>\ h \(p 5 (h)fi(a + v)\a + /i| 1+7+2s (1 - cos(r? • h)) ^l +2s 
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which is clearly smooth with respect to v and r\. Let us consider for 1/1,1/2 £ N 3 the 
derivative 

dpapapfarj) = I dh f dabt Hm <ps{h) {d v v ^(a + u)) |a + h\ 1+ ^ +2s 

Jh J Eo,/i 

1 



(1 - cosfa • h))) 



Setting again h = no, and (forgetting the truncation in a) we get 

\d?^a p (v,r))\ < f ( drdu I da\d^fi(a + v)\ (a) 1+7+2s (1 - co8<rr,.e;))\ -j^-. 

(27) 

Since r£ [0,(5] we claim that we have the following rough estimate 
Lemma 3.2. Vi/ 2 £ N 3 , J* dr \8f (1 - cos(ruj ■ r)))\ ^ < C &yS ( V .uj) 2s . 

Proof of the Lemma. This is clear for 1/2 = from the previous upper bound 
computation. For \v 2 \ = 1 we have to estimate 

I(y 2 ) = dr\ (d V2 (1 - cos{ru ■ 77))) | — -~- < dr \sm(ru ■ rj}\ 
Jo r Jo r 

Firstly, when s < 1/2, we directly get 



I(f 2 )< / dr^r- < C sS < C sS (r}.Lj) 
Jo r 

When s > 1/2 we have 



2s 



00 







sin(i) 
-pi 



I(u 2 ) < {ri.ul 2 *- 1 I ^^dt < C.ItH*- 1 < C s ( V .uY 



,2s 



Eventually considering the case when \u 2 \ > 2 then 

I{u 2 ) = J dr\ (Of (1 - cos(r W • 77))) | < J dr \sm(ru ■ v )\ ^ < C sS < C sS ( V . 

The proof of the lemma is complete. □ 



End of the proof of Proposition 13. 11 Now we go back to ([2"7|) . We have also to estimate 
the term (d^^a + v)) in this integral. For this purpose, we directly use the fact that for 
all u%, 

|<^V(a + v)\ < C Ulf i 1/2 (a + v). (28) 
Thanks to Lemma 13.21 and the preceding estimate we get from (|27p that 

\d?d^a p (v, V )\ < [ du I da^ 2 {a + v){a) l+ '' +2s {r 1 .uj) 2s . 



IE 



For the final estimates, we can repeat exactly the proof of the case u\ = v 2 = 0, to get the 
desired result. The proof of Proposition (|3.1j) is complete. □ 



For further use we shall also need the following estimate. 
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Proposition 3.3. The symbol a p also satisfies the following estimate: 

d r ,a p e S (1 + M 2 - 1 + Ivl 2 *- 1 + IrjAv] 2 *- 1 ),^ if s > 1/2, 

and d v a p E S ({v) 1+2s , r) if 8 < 1/2. 



Proof. We can partially use the preceding arguments. We begin again with (|27|) and 
we can write for ji^l > 1, 

\d^d^Op(v,ri)\ < C I [ drdu [ da (dp n(a + v)) \ 



J si Je , 



dr\(d? (1 - co S (r W • V )))\ < C s , a (l + (v.") 2 *- 1 ), 



An inspection of the proof of Lemma 13.21 also shows that we have in fact for \u2\ > 1 

Jo' 1 * " ' 1 
and we therefore get using also (|28p that 

|^^ 2 a P K ?? )|< / da;/ ^ 1/2 (« + «) (a) 1+ ^ +2s (1 + (r/.a,) 2 ^ 1 ). 

For the remaining parts of the proof we can proceed exactly as in the case of the upper 
bound without derivative. 

Suppose first that s > 1/2. Then we can write 

\d?d»*a p (v,r,)\< [ dw [ da^ 2 {a + v){a) l ^ +2s (n.u) 2 ^ 1 . 
Jsi Je 0iU1 

We then follow the computations from ()17p with |aj • ?7| 2s there replaced here by (oj • rf) 28 " 1 . 
With the same computations, we then get after (|22p that when \v2\ > 1, 

\d^a p {v, V )\ < (vy (1 + Ir?! 2 - 1 + \v A r ] \ 2s ~ 1 ) , 

which is the result. 

Suppose now that s < 1/2. Then we have 

\dfrdPa p (v,rj)\ < f <ko / da^ 2 (a + v)(a) 1+ ^ +2s , 
Jsi Je , u 

and the preceding computations from (|17l ) are valid with \u ■ rj\ 2s there replaced here by 
1. We therefore get that when \v>2\ > 1, 

\d?d?a p (v, V )\<(vy +2s 

which is the result. The proof of Proposition 13.11 is complete. □ 
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3.2 Study of the multiplicative term £1,5,6 

Recall that the multiplicative part £1,5,6 has the following form 

£1,5,6/ = - {^j j dv*daBlp s (v' - v)fi^j f. 

A nice feature of the multiplicative function defining £1,5,6 is its good symbolic properties. 
Proposition 3.4. We can write 

£i,6,buf = -a m (v)f, 
where function in v satisfying the following symbolic estimates: 

i) there exists C > such that C _1 (v)' y+2s < a m (v,7]) < C (v)' y+2s ; 

u) a m eS((^ +2s ,r). 



Proof. Let us again use Carleman's representation. We get 

a m (v) = [ dh [ dabl\ a \ >w ip s (h)fi(v + a-h)\a + h\ 1+ ^ +2s -—^- 

JRI JE , h \h\^ 



[ da|a| 1+7+2 V(a + S(u)v) ~ {S{uj)vy 

J En,„ 



and we get (forgetting the truncation function in a) 

a m (v)< [[ dudrTpsir^iS^v} 1 ^ 2 ^-^-^ 



l+2s ' 



r 



(29) 



|3+2» ' 

In this integral /ila and \a\ > \h\ so that there exists C s such that 

C , s - 1 |a| 1+7+2s < \a + /i| 1+7+2s < C s \a\ 1+ ^ +2s . (30) 
Using this and shifting to spherical coordinates gives 

a m(v) < J J dujdr J e d « 1 |a|>r^5( r2 )/ i ( v + "- rw )l«| 1+7+2S ^2j- 

Now we know that 

\v + a — roj\ 2 = \a + S(oj)v\ 2 + \{u • v) — r\ 2 
exactly as in (fTHj) so that 

e -\v+a-ru\ 2 = e -\<x+S(uj)v\ 2 e -\{u-v)-r\ 2 _ 

Now we use that 

,l+7+2s 



We can now integrate w.r.t. r and compute by virtue of Peetre's inequality (forgetting 
now the dependance on 5 for the constants) 

dr^ 5 (r 2 )e~^-^-^ < J drlp s (r 2 )e-^-^ (r - u ■ v) l+2s (u ■ v)'^ 

^ I \-(l+2s) 
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and thus 

a m (v)< [ ^( W .f (1+2s »(%)«) 1+ ^. 

We therefore have a similar integral as in (|20p and using exactly the same change of 
polar coordinates and computations as therein with e - '^' 1 ')' 2 replaced by (uj ■ v)~^ 1+2s ^ 
(see Figure [[]) , we get 

am(v) < [ n d<p / 2W ^(|Hcos^)^ 1+2s )sin^(l + | V | 2 sinV) (1+7+2s)/2 < (v)^ ■ 





For the lower bound we can do essentially the same computations : because of the 
non-negative sign of a m we can restrict the computations to subdomains in (a, h) namely 

{\a\ > 10} and {\h\ < 10} , 

and following ([29|) and using ([30]) we get 

1 



a m (v) > dudr dali a i>i li<r<ioA'( u + 

> dudr dal| Q |> 10 li<r<io^(a + S( 



a-rw)|a| 1+7+2s 



)v)e-^ 2 \ a \ 1+ ^+ 2s - 



r l+2s 

since Tpg = 1 in the set {1 < r < 10} (recall 5 = 1/100), and 

\v + a — ruj\ 2 = \S(u))v + a\ 2 + \uj • v — r\ 2 < \S(u)v + a\ 2 + \uj ■ v\ 2 + 100 
for r < 10. Then as before we can use the fact that 

daTL H > 10 \a\ 1+ ^ +2s fi(a + S(Lj)v) ~ (S(w)i;} 1+7+2s 

and 

1 



drl l<r<10^i+2j ~ C 
and we get for a new constant C that 

a m (v) > C^ 1 I doj(S(oo)v) 1+ ^ +2s e-^- v ^ 



and again we can follow the computations as in (|23p and after to get 

a m (v)>c- 1 ( v y +2s . 

The proof is thus complete. □ 
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3.3 Proof of Proposition Q i) 

In this subsection we prove part i) of Proposition 11.31 concerning the so-called symbol a. 
We first give its definition, the prove the Proposition, and we shall en this section by giving 
additional properties of a needed in the sequel. 

Definition 3.5. We define a to be the following real symbol: 

where a p is defined in Proposition \3.1\ and a m is defined in Proposition \3.4\ 

We now give the proof of Proposition 11.31 i) . From Proposition 13.11 and Proposition 13.41 
we know respectively that 

c- 1 ( v y +2s <a m (v, v )<c(vy +2s 

and for all < k < 1, 

c~ x (-k ( v y +2s + k ( v y (i + m 2s + 1 77 a t>i 2s )) < a p (v, v )<c ( v y (i + \ v \ 2s + \ v a v\ 2s ), 

where in both cases C denotes a constant independent of k (but depending on 5, s). 
Choosing k sufficiently small and fixed from now on, and adding the two inequalities gives 

c- 1 ((tj) 7+2s + ( v y {\r]\ 2s + \ v a ?j| 2s )) < a (v, v )<c ( v y i+2s +c(vy (1+ |??| 2s + \v /\v\ 2s ). 

so that 

C" 1 (tj) 7 (l + \v\ 2 + |r/| 2 + \rj A v\ 2 y < a{v, rj) < C {v) 1 (l + \v\ 2 + |r/| 2 + \q A v) 2 )" 

for a new constant C . This proves the lower and upper bounds for a. Using the definition 
of a 

a(v, 7]) = (u) 7 ^1 + |tj| 2 + \r/\ 2 + \i] A v\ 2 ^j (31) 

we get 

C^a <a<Ca. (32) 

From the same Proposition 13.11 and Proposition 13.41 we also directly get by addition 
that 

a G 5(a,r). 

A direct computation also gives that 

a e S(a, r), 

and it only remains to check the temperance of a and a. From (|32|) it is sufficient to verify 
that there exists such that for all Y = (y, rj), Y' = (y', rf) there exists Cn > such that 

a(Y') < C N a(Y)(l + T(Y -Y')) N . 

This is a direct consequence of Peetre's inequality since we have powers of polynomial type 
quantities. The proof is complete. □ 



For further use we also give here two propositions concerning a and a, which will be 
of great interest in the next section. 
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Proposition 3.6. We have 



i) for any \a\ > and any |/3| > 1 , there exists a constant C a fi > such that 



(v) 1+rr (l + \v\ 2 + \r)\ 2 + \q A v\ 



3 < s < 1; 
< s < \ 



and 



-1/2 



<C afi ( V y +1 (l + |^| 2 + |t?| 2 + |r? A t;| 2 " 
ii) the following estimate is true for any < s < 1, with semi-norms independent of e: 
d n a, 8 v a e S (a 1 ' 2 {v) l/2+s , r) C S{ea + e" 1 (t>) 2s+7 , T); (33) 



Hi) there exists a constant such that 



l£-^5|< (vy(l + \v\ 2 + \r,\ 2 + \r,Av\ 2 Y ~ 2 ( 



1/2 



(34) 



Proof. The point i) holds because of Proposition 13.31 and direct verification for a, while 
the first conclusion in (|33|) follows from the estimates in i) and the second one is obvious. 
Point iii) in Proposition 13.61 is a direct consequence of the estimates on a. The proof is 
complete. □ 



3.4 Study of the subprincipal term £1,1,5 
Proposition 3.7. We can write 

£1,1,5/ = -a 8 (v,D v )f, 
where a s is a (complex valued) classical symbol in (v,n) satisfying 
i) we have 



a s (v,rj) G 



S ((vy< +1 ((v) 2 *" 1 + ( V ) 2s - 1 + (v A T?) 28 - 1 ) , r) if s > 1/2; 



S{(v)"< +2s ,T) 



if s < 1/2; 



(35) 



ii) for all < s < 1 and any < e < 1, we have, with semi-norms independent of e, 

a s (v, rj) e S [a 1 ' 2 (v)~< /2+s , v) C S (sa + e" 1 ( V y +2s , r) . (36) 



Proof. We recall that 



£1,1,5/ = J J dv*do-B<p s (\v' - v\ 2 ){^) 1/2 [f - f] (Ou* 



l 1/2 - (^) 1/2 
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We shift to Carleman's representation and get 



£1,1,5/ 



dh / dabl H y lhl \a + h\ 1+ ^ 2s M\h\ 2 )^(a + v)[f(v-h)-f(v)] 

1 



//2 (a + v — h) — [ii (a + v) 



\h\ 



3+2s 



with 



a s (v,rj) 



dh 



da61| a |>| fc ||a + h\ l+ ^ +2s ip s {\h\ 2 )^{a + v)[e~^ - 1] 
(ji* (a + v - h) - pk (a + v)^j — ^ 



3+2s • 



For the study of this symbol, we shall essentially follow the same computations as in 
the C\ 2 s case. We first note that we have the following bound for all h ^ 



^ \h\ 



< C. 



So that using also that \a + h\ < 2\a\ we get 



\a s (v 



/ dh (a 



l+7+2i 



Hi{a + v)<p 6 {\h\ 2 y- 



—ih.r) 2| 

\h\ 2 + 2s 



Now we shift to spherical coordinates taking h = ruj and we get 

f f f 1 \p—irw-ri _ 1 1 

KMI < // dudr / (a) 1+ ^ 2s ^(a + v)Mr 2 y- 



J Ju) J E 0tU1 

We can directly integrate w.r.t. r and this gives 



..2* 



\ p -iru-r) _ 1 I 



Cal^l 2 " -1 , if a > 1/2; 
C s , if0<s<l/2, 



which yields 
\a 8 (v 



j s2 dojdrj E (a) 1+,y+2s ^(a + v)\ V .u\ 2s - 1 if s > 1/2 ; 



f s2 dcodrJ ■ (a) 1+7+2s ^ (a + t/) 



if < s < 1/2 



(37) 



Suppose now that s > 1/2. 

In this case we can do exactly the same computations as in the £125 case, with the 
factors n(a + v) and |r/.w| 2s in formula (JTTJ) replaced respectively by /x 1 / 2 (a + v) and 
l^.o;! 25-1 here. We directly get, following the computations after (|17p . that 

\as(v,T,)\<{v)^ 1 (\ V \ 2 >- 1 + \vAr,\ 2 >- 1 ) 

for 1 17 1 > 1. For \v\ < 1, a rough estimate gives directly |a(t>,r/)| < {rj) 2s so that the 
preceding estimate is also true in this case. 
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Suppose now that s < 1/2. 

We can follow the same type of computations as after (|17p . and we get easily 

k(^)|<(t;) 7+2s . (38) 



Again the proof of the estimates for higher order derivatives of a s is similar to the one 
of order 0, and we skip this part of the proof. This completes part i) of proposition 13.71 
The second part ii) is just an immediate consequence of the estimates in i). The proof of 
Proposition 13.71 is complete. □ 



4 Proof of the main results 

This section is devoted to the proof of the main Theorems 11.11 and ll.2i We shall use 
extensively properties of the classical, Weyl and Wick quantization, for which we postpone 
a brief review in the Appendix. In Section 15.21 we give some coercivity estimates, and 
recover a result of coercivity of [7] implying the so-called triple norm. In 14. II we make the 
reduction to the hypoelliptic problems for a simplified operator, by virtue of Proposition 
11.31 whose proof is also presented in this subsection. In Subsection 14.21 we give a direct 
proof of the well-known coercivity. The proof of the main results is then achieved in the 
last subsection, Subsection 14.31 

4.1 Proof of Proposition [1.31 ii) and iii) and related results 

In the previous sections, we splitted operator C into several pieces in the following way, 
with a = a p + a m defined in Proposition 13.11 and Proposition 13.41 and a s defined in 
Proposition 13.71 

C = -a(v,D v ) + £ 2 + £l,8,a + A,3,<5 + £lA,S + £>l,5,a - a s (v, D v ) 

= -a w - (-£ 2 - Ci,s,a - £i,3,5 - £1,4,5 + a s (v, D v ) + (a(v, D v ) - a w )) , 

v . ' 

K 

so that we can write 

P = v • d x + a w + K. 

Notice that the diffusion term a w + JC above is only an operator with respect to the 
velocity variable v. So we only work on the resulting operator after performing partial 
Fourier transform in the x variables, considering the dual variables £ of x as parameter. 
More precisely we will study the operator 

PK = i(v-£) + a%, 

where 

a K = a + K(v) 2s+1 . 

with K a fixed number, constructed in Lemma 14.21 and Lemma l4.8l b elow . depending only 
on the integer N in (j77|) . Accordingly we also introduce the weight function 

~a K = ~a + K{v) 2s+ \ 
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where a is the weight function given in Proposition 11.31 We note that ax G S(clk,F) 
uniformly in K, and more generally (clkY £ S(d r K ,T) uniformly w.r.t. K for all r £ [0, 1]. 
The advantage of working on a^- instead of a w is that we can construct the inverse of the 
former; see Lemma [4,21 below. This is of big importance in the following, in the treatment 
of hypoelliptic estimates. 

Notations. In what follows let K be fixed, satisfying the assumptions in Lemma 
14.21 and Lemma 14.81 below, and let I G R be an arbitrary number, fixed and as small as 
we want. To simplify the notation, by A < B we mean there exists a positive constant 
C, which may depend on K and I but is independent of the parameters £, such that 
A < CB, and similarly for A > B. While the notation A ~ B means both A < B and 
B < A hold. Given a symbol q and a weight function M, by q £ S(M, T) we alway mean, 
in the following discussions, q lies in S(M,T) uniformly w.r.t. K and £. 

Now we state the main result of this subsection, which shows it is sufficient to study 
the operator Pk instead of the original one. 

Proposition 4.1. The conclusion in Theorem [LJ\ follows if the estimate 

115(^0^/11 + \\a w K f\\ < \\P K f\\ L , + \\f\\ Lj (39) 
holds uniformly with respect to £. 

We proceed to prove the above proposition through several lemmas. Firstly we begin 
with constructing the inverses of operators. 

Lemma 4.2. There exists a Kq large sufficiently, which depends only on the dimension, 
such that for all K > Kq we have 

(i) is invertible and its inverse (a^-) -1 has the form 

{alT 1 = Hi(a~ K l ) w = (a~ K l ) w H 2 , 

with H\, H2 belonging to B(L 2 ), the space of bounded operators on L? , and || -f^/'Hg^) 
independent of K for j = 1,2; 

(ii) (a 1 ^ 2 ^ is invertible and its inverse [(o 1 ^ 2 ^ ] 1 has the form 

1/2X^-1 n ( -i/2\ w ( -1/2\<V 
l K ) \ = °l [ a K ) =[ a K ) G 2 

with G\,G2 £ B(L 2 ) and \\Gj\\ B ^ L2 ^ independent of K for j = 1,2; 

(Hi) (o 1 ^ 2 ^^ 2 ^ is invertible and its inverse [^a]/ 2 o]/ 2 ^ ] 1 has the form 

v(~l/2 1/2^1-1 n /_- 1/2 -l/2\ w (—1/2 -l/2\ w ^ 
[\ a K a K ) \ =Ql{ a K a K ) ={ a K a K ) Q2 

with Qi,Q2 G B(L 2 ) and ||Qj||g( L 2) independent of K for j = 1,2. 

Proof. We firstly prove the conclusion in (i). Using (|78p and (|79p . we may write 

a w K {a- K l ) w = U-R w K , (40) 
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where 

Rk = - 
with gfoh defined by 

ghhpr) 



(d v a K ) tt e (c^ 1 )) d9 + / (^ajc) (to (^(a^ 1 )) d# 



-2io-(y-yi,y-y 2 )/s. 



2? 



5 (yi)^(y 2 )dyidy 2 /(vr0) e 



(41) 



In what follows let N be the integer which is given in (|77|) and depends only on the 
dimension. By |12|, Proposition 1.1] we can find a constant Cat and a positive integer £n, 
both depending only on N but independent of K and 9, such that 

|| (V«")ttfl {MaK 1 )) \\n;S(i,t) ^ C N\\ d v a K\\e N ;S(a K ,r)\\ ll^^o^.r)' 
Moreover, using (|33|) for e = K~ l / A yields 



\d v a K \ 



e N ;S(a K ,r) 



and 



\d v (a 



K )\\£ N -S(a- 1 ,T) 



<c N 



with Cn a constant depending only on TV" but independent of K. As a result, 
|| {dr,a K )h {dv{a^)) |U ; ,<?(i,r) ^ C N C 2 N K~\. 



Similarly, 



Then 



and thus by ([77]) 



{d v a K )h {d^ a K)) IU;S(i,r) - c nC 2 n K ±. 



N;S(1,T) — 2CnC n K 4, 



with C a constant depending only on the dimension. This implies Id — i?^- is invertible 
in the space B{L 2 ) of bounded operators on L 2 if we choose K in such a way that if > 

(lCC N &£) . Moreover 

oo 

i=o 

Taking into account ([40 p . we conclude 
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Similarly we can find a Rk £ 5(1, T) such that 

((m -i^)~Wr) «i=w. 

These imply aj^ is invertible and its inverse (a^-) 1 has the form 

(O" 1 = (a^ 1 )- (Id - R w K r l = (id - i?^)" 1 (a" 1 )-. 

We have proven the conclusion in (i) in Lemma 14.21 The remaining ones in (ii) and (hi) 
can be deduced quite similarly. So we omit it here for brevity. The proof of Lemma 14.21 is 
thus complete. □ 

In what follows we always let K be fixed satisfying the condition in the above lemma 

"^2 



Corollary 4.3. Let e be an arbitrarily small number and let g £ 5 (ea + s 1 (i>) 2s+7 , Y 
uniformly with respect to e. Then 



\g{v,D v )f\\ L2 + \\g w f\\ L2 < e\\a%f\\ +e- 1 \\ (% 



lL 2 - 



Proof. This is just a consequence of the conclusion (i) in Lemma [4.21 In fact by Lemma 
4.21 we see the operator a K+e -i-2s = ax + £~ 2 {v) 2s+1 is invertible and its inverse satisfies 
that 

Vh£S(a K+£ -2, r), h w (a K + e~ 2 (v) 23 ^)" 1 G B{L 2 ). 



Thus the assumption on g allows us write 

-l 



9 W = (e- l 9) (a K + e~* {v)^ e la K + e~* (v) 



e B(L 2 ) 

which yields the desired estimate for g w . The estimate for g(v,D v ) is similar, since 
g(v,D v ) = (j~ 1 / 2 g) with J~ l l 2 g belonging to the same symbol class as g. We have 
obtained the desired estimate in Corollary 14.31 The proof is complete. □ 

We will apply the preceding lemma to precise pseudodifferential operators: 

Lemma 4.4. The symbols of a s (v, D v ) and a w — a(v, D v ) lie in S (ea + e _1 (u) 25 " 1 " 7 , T 
for all s > with seminorms independant of e. 

Proof. For the first operator a s (v,D v ), this is point ii) of Proposition 13.71 For the 
second one a w — a(v,D v ), we enter more deeply into the theory of Weyl and classical 
quantization. In order to get the result, we use the expansion of J 1//2 o, which reads (c.f. 
[25} Lemma 4.1.5] and the appendix) 



a™ - a 

with 



{v, D v ) = (j l/2 a) (v, A,) - a(v, A) = R(v, A) 
RM = \ ( (J 9/2 {D v -d v a)) (v,ri)dO. 
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Proposition 13.61 implies D v ■ d v a G S (M e , T) uniformly with respect to e, where 

M £ = ea + e~ l (v) 2s+ ~< . 

Then proceeding as in the proof of [25\ Lemma 4.1.2], we conclude J e / 2 (D v ■ d v a) belongs 
to the same symbol class S (M £ , T) as ■ d v a, due to the fact that 

M £ (v + z, V + C)< CM £ (v, V )H((z) , (0) 

with H((z) , (C)) being some polynomial of (z) , (£) and C a constant independent of e. 
Observe a < ax due to Proposition 13. 11 Then we have proven that the classical symbol of 

the difference a(v,D v ) — a w lies in S (ea + e _1 (u) 2s+7 , T^j. The Weyl symbol therefore 
also belongs to this class by direct transformation. The proof is complete. 



Proposition 4.5. For any e there exists a constant C e such that 

\ L2 < e||<7|| L 2 + C £ (\\(iv ■ £ — C)j | 



V / G S(K), II {v) 2s+ ~< f\\ j2 < £||</L 2 + C £ (\\(iv • £ - C)f\\ j2 + |ML 2 . (42) 



Proof. The starting point is the weight estimate 

V/G<S(M 6 ), || (v) s+ l f\\ 2 L2 < Re {{iv •£-£)/, f) L2 + || (v) 1 ^ 2 /|£ a , (43) 

which is just an immediate consequence of the coercivity estimate established in [7j. 
Thanks to the explicit symbolic estimates for a w , we are able to give here a direct proof 
of such a coercivity estimate. Indeed, let 

£- = £-2+ ^-1,8 + £l,8,a + £-l,8,b 

be the splitting given in Section 12.21 Straightforward computation shows that 

(-£i,sf, f) L 2 = \jj dv.d*B<p s (v' - v) ((/4) 1/2 /' - Gu*) 1/2 /) 2 > o, 

and 

{-Cl,8, b f, /) L2 >||(^) 7/2+S /||i 2 
because of Proposition 13.41 and 

\(C 2 ,8f, f)&\ + \{Cl,8,af, f) L2 \ < || (vr /2 f\\l 2 

due to Lemma 12.11 and Lemma 12.31 These estimates, together with the fact that s > 0, 
yield 



(vy /2+s f\\ 2 L2 < (-£/, f)„+4 (vy /2+s f\\lz +cj\ ( V ) l ff 



L- 



for any e > and any i G R. This gives the estimate 

Now applying the estimate (j4~3|) to the function (v) s * f yields 



< 



(v) 2s+ V\\ 2 L2 < Re ((»« -i-C) (v) s+ i /, (v) s+ i f)^ + ll/ll 2 , 

((w-e-r)/, ^> 2s+7 /)J + |(<^ + "[£, /)J + Il/| 



2 

if 
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This yields 

|| (v) 2s+ " f\\ 2 L2 <\\(iv-£- C)f\\ 2 L2 + \\f\\ 2 Lj + | ((v) s+ l [£, (v)^] /, /) 



L 2 



(44) 



We have to treat the last term in the above estimate, which is bounded from above by 



[a* (v) s+ i)f, f)J + \{(v)^[JC, (vy + l]f, f)^ 



(45) 

We apply (|33p and \25\ Theorem 2.3.19] to conclude that for any e G]0, 1[ the symbol of 
the operator 

{v) -(2s+ 7 -i) {v)S+ i r a « j {v y+^ 

belongs to 

S (ea K + e~ l (v) 2s+ ^ , r) 
uniformly with respect to e. Then Corollary 14.31 gives, with e arbitrarily small, 

(w s+i K, <^> s+i ]/, f)J < (HI^/II^+^K^/IL,)!!^) 2 ^ 7 - 1 /!!^ 

< e||o£/|k +e|| (v) 2s+J f\\l 2 + C £ji \\f\\l r 
where in the last inequality we used the interpolation inequality: 

|| (v) 2s+ ^ 1 f\\ L2 < e|| (^) 2s+7 /|| L2 +Ce||/|| L| - 
Now we have to deal with operator 

(v) s ^ [JC, (v) s+ l] 
in ()45p . For this we split K, into three parts : 

K, = -C 2 - £i,s,a -£i,3,6 ~ C 1AS + a s (v,D v ) + (a(v,D v ) - a w ) . 



(46) 



Ismail 



pseudo 



For the second part lC mu it, the estimate is easy since, as recalled in lemma [2721 and T2.41 
operators £1,3,5 and £1,4,5 commute with the multiplication with a function of v. We 
therefore have 



(v) s+2 [K mult , (v) s+ l}f, f 



L- 



0. 



For the first part JC sma u of K, in (|46p . we develop the commutators and use Cauchy Schwartz 
inequality to get 



(v) S+2 [KsmM, (v) S+ *]f, f 



L 2 



< c £ \\ (vr s ~i c 2 (v) s -% ( v y f\\ 2 + c £ \\c 2 (v)^ ( v y jf 
+ c £ \\ (v)- s -i c 1M ( v y~i ( v yf\\ 2 + c £ \\z lAa (v)^ ( v y f\\ 2 

+ e\\(v) 2s+ V\\ 2 - 
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We use then Lemmas 1 2 . 3 1 and 1 2 . 1 1 with either a = — s — 7/2, (3 = s — 7/2 or a = 0, /3 = —7 
(for which we have in both cases a + /3 + 7 < 0) and we get 



^c E \\f\\%+n(^f\\ 2 



since s > 0. 

Next we deal with the last part IC pseu d of fC in (|46p . From Lemma 14.44 we already 
know that K, pseU( io belongs to 



with uniform semi- norms with respect to e. We follow the same strategy that after (|45p 
for commutators involving a 1 ". Using that d v (v)^ = ©((u)^" 1 ) for all n G R, and applying 
[251 Theorem 2.3.19] (see also appendix), we get that for any e e]0, 1[ the symbol of the 
operator 



(vr {2s+j - 1] (v) s+ Hic P seu do , (vy 

belongs to 



S (ea K + e" 1 {v) 2s+ ^ , Tj 
uniformly with respect to e. Then Corollary 14.31 gives, with e arbitrarily small, 

((v) s+ > [!C pseud0 , (v) s+ i]f, f)J < ^Wa^fW^+e-'Wivf^fW^Wiv) 2 ^- 1 

< e\\a%f\\l 2 +e\\(v) 2s ^f\\l 2 +C £ 4f\\ 2 Lr 

Combining these estimates we obtain 

(<^[/C, (v) s+ i]f, /)^|<eK/||^+f||(i;> a ^/||^+C7. lB -||/| 



\L 2 



Now taking into account (|44p . the desired estimate (|42p follows if we choose e small enough. 
The proof is thus complete. □ 

In order to prove the main result, Proposition 14.11 we will need the conclusion in 
Proposition 11.31 So let us firstly present the latter's proof. 

Proof of Proposition 11.31 iD and iii). We have shown Proposition 1 1 . 31 iii) in Lemma 
For the conclusion ii), let us rewrite the linearized Boltzmann operator C as 

C = -a w + £ 2 + £i,6,a + £1,3,8 + A,4,<5 - a s (v,D v ) - (a(v, D v ) - a w ) . 



-K 

As a direct consequence of Lemma 12.11 Lemma 12.31 Lemma 12.21 Lemma 12.41 we have 

|| (£ 2 + Cl,S,a + £-1,3,8 + £l,4,<5) f\\ L 2 < || (v} 2s+,y f\\ L2 . 
Moreover from Lemma 14.41 we know that for any e > 0, 

fcpseudo = ~a s (v, D v ) - (a w - a(v, D v )) G Op wey i (ea + e' 1 (v) 2s+J , T 
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uniformly with respect to e, and thus 

\K S eudof\\ L2 ^eWa^fW+e^Wiv) 23 ^ f\\ L2 



due to Corollary [ 

The proof of point ii) of Proposition 11.31 is complete. □ 

The rest of this subsection is occupied by the 
Proof of Proposition 14.11 Now supposing ([39]) holds, we have 

11^,0^ /|| + K/|| < || & • £ - c) f\\ L2 + ||/|| L| + 1| (iv ■ e - c - p K ) /|| l2 . 

On the other hand, note that 

iv ■ ( - C - P K = a w + K - (a + K {v) 2s+1 ) w =K-K (v) 2s+1 , 
and thus Proposition 11.31 yields, with e arbitrarily small, 

\\(iv-Z-£-P K )f\\ L2 < e\\a%f\\ L2 + C £ \\(v) 2s+ ~< f\\ L2 

< e\\a%f\\ + C £ (\\(iv ■ £ - C)f\\ L2 + ||/|| L? ) , 

the last inequality following from (|42p . Combining these inequalities and letting the above 
e be small sufficiently, we get 

\\a(v,^f\\ + Il^/U <\\(iv^- C)f\\ L2 + ||/|| L? . 
Taking into account the relation that 

( v )7/(2-+l) { tfs/(2s + l) + {v)J /(2s+l) {y A e)2s /(2 S+ l) „ a(t; ^)2./(2.+l) 

and that 

|| ( v y (d v ) 2s f\\ L2 + 1| ( v y (v a ^) 2s /|| L2 + 1| (v) 2s+ ^ f\\ L2 < ||<|| L2 

due to the conclusion (i) in Lemma 14.21 we obtain the desired estimate in Theorem 11.11 
The proof of Proposition 14.11 is complete. □ 

4.2 Coercivity and boundedness estimates 

In this section we prove the following result that can be understood as an exact estimate 
for the so called triple norm introduced in [7] and recalled in Remark l4.7l below. It involves 
the pseudodifferential part a w , for which we have elliptic properties stated in Proposition 
PI 



Lemma 4.6. We have for a sufficiently large constant C and for all I G K with I < 7/2+s, 

|| ( V y/ 2 (D v y /|| 2 + 1| ( V y/ 2 <« a D v y f\\ 2 + \\ { v y' 2+s f\\ 2 

~ (a w f, f) + C\\ { V y' 2+S /|| 2 ~ - (£/, /) + || (v) 1 /|| 2 , 
where in the last equivalence the constant depends on I. 
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Proof. The second equivalence is a consequence of Proposition 11.31 and estimate (|43l) , 
while the first one holds because of the coercivity estimate (|47p below, since 

II (af) w f\\ 2 L2 ~ || {v)^ 2 (D v y /|| 2 + 1| (vy/ 2 (v a D v y /|| 2 + 1| ( v y/ 2+s /|| 2 

due to the conclusion (ii) in Lemma 14.21 □ 
Remark 4.7 In [JJ, the authors introduced the following non-isotropic norm 

2 def 



$(|t;-t;*|)&(cos#K(/-/ / ) 2 + jJJ *(|0-«,|)&(cos«O/?(v^-V£) > 

where the integration is over M 3 x x § 2 . For such a norm Theorem 1.1 of [7]) says, 
with I € R arbitrary (and equivalence norm depending on /), 



( V y/ 2 (D v y /|| 2 + 1| (vy' 2+s /|| < |/| 2 < - (cf, /) + c 2 || /| 



2 



provided the Boltzmann cross-section B satisfies (jSJ) with < s < 1 and 7 > — 3. In 
Proposition 14.61 above, we were able to exhibit the complete form of this triple norm 



Now we focus on the more difficult subelliptic estimate stated in 11.11 we begin with 
an other coercivity estimate for the Weyl quantization d^. 

Lemma 4.8. Let Pr be the operator defined at the beginning of Subsection \4-l\ Then 
there exists a positive number ko > such that for all K > ko and any f G 5(IR 3 ), we 
have 

4 2 ) /II' ~ f)i? = Re (P K f, f) L2 (47) 



and 



(4 2 4 2 J /II' ~ ((a K a K ) w f, f) L2 . (48) 



Proof. The argument is similar as in the proof of Lemma 14.21 Using (|78p and (|79p , we 
may write 

(4 2 ) W (4 2 ) W = <-iT, (49) 

where 

•1 . . . r i 



R 



dr,(4/ 2 )) h (d v (a]( 2 )) d9+ (d„(4 /2 )) h (d ri (a][ 2 )) d6 



'0 x / x 7 JO 

with g%$h defined in (|4"Tj) . Using (f3"3"j) for e = isT -1 / 4 , we conclude 

d,(4 /2 ) G s^-v 4 ^ 2 , r) 

1/2 1/2 

uniformly with respect to K. On the other hand, it is clear that d v (a^ ) E S(a^ , T). 
As a result, [121 Proposition 1.1] yields 

d v (af)) h (d v (<4 2 )) , (d v (a][ 2 )) h (d^aj 2 )) G S{K-^a K , T) 
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uniformly w.r.t. K. Thus R S S(K 1 / 4: cik, T) uniformly w.r.t. K. Then the conclusion 
(ii) in Lemma 14.21 allows us to rewrite R w as 

R w = K^/^a^r K 1 / 2 [(a][ 2 ) w ]~ 1 R w [(a][ 2 ) w ]~\a I { 2 ) u ' , 

v ' 

££?(L 2 ) uniformly w.r.t. K 

which gives 

\(R w f, f) L ,\<C K- l l A \\{a)l 2 rf\\ 2 
with Co some constant independent of K. Taking into account the relation (|49p we obtain 

«/, f) L2 < [(af r(afrf, f) L2 +C K^ 4 \\(afrf\\ 2 < (C + l)||(a;f )-/|| 2 

and 

((afnafrf, f)^ < (a w K f, f) L2 + C K-^\\(afr f\\ 2 . 

The desired estimate (|47p follows if we take K sufficiently large such that K > ko = 16Cq . 
Since the second estimate (|48p can be deduced similarly by virtue of (iii) in Lemma 14.21 
we omit it here. The proof is thus complete. □ 

Corollary 4.9. The following estimate 

V / G S(R 3 V ), || (v) 2 ^ f\\ L2 + ||(4 /2 r (v) s+ -</ 2 f\\ L2 < \\P K f\\ L , + \\f\\ Lj (50) 
holds uniformly with respect to £. 

Proof. We use the above coercivity estimate ()47p to the function (u) s+7//2 /, and argue 
as in the proof of Lemma 14. 5( this gives the conclusions . □ 

Corollary 4.10. 

(((,) 2 ^) Wick /, f) L2 < ((a(v,v)) WiCk f, f) L2 <\(P K f, /) J ■ (51) 

Proof. The first inequality is due to the positivity of Wick quantization. The second 
one is just an immediate consequence of (|47p and Lemma 14.21 since we may write 

[a(v,T])) =«) [{a£ ) \ {a{v,rj)) ) \ ) . 

* „ ' 

eB(L 2 ) 

The proof is complete. 

□ 
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4.3 Hypoelliptic estimates 



We prove in this last subsection the main results, Theorem 11.11 and Theorem 11.21 As 
explained in Proposition 14.11 we only work on Pk instead of P. So in this subsection £ 
and t are considered as parameters. Recall a is defined in (|3ip . whose explicit form, as 
to be seen below, will be convenient for use. The main result we will show here can be 
stated as follows. 

Proposition 4.11. Under the conditions in Theorem 1, we have, for any i E R, 

\\a(v,0^f\\ + \\a w K f\\ < \\P K f\\ L 2 + || (v) e f\\ L2 . 

We will prove the above proposition in several steps, following the multiplier strategy 
announced in [22]. To this end we let, throughout this section, x £ Co°(R; [0,1]) such 
that x = 1 i n [ — 1) 1] and supp x C [—2, 2], and let g be a symbol given by 

9(v, v) = gd v i v) = a3 ^ v,r] l ip(v, v), ( 52 ) 



where 

ii>(v,v) = X I 



^(M)=X ^ (53) 



and 

s-l 



a 3 (v, V ) = (vy(l + \v\ 2 + \£\ 2 + \v A e| 2 )" (V7? + M£)>A7/)). (54) 
The main property linking 03 and a is that 

{a 3 (v, Tj),v£} = a(v, £) - {v)~ i+2 [l + \v\ 2 + |£| 2 + \v A £| 2 ) "~ X . (55) 



where {•, •} is the Poisson bracket defined in (|84|) . Thanks to the explicit symbolic esti- 
mates for a, g and i/j also have good behavior as symbols; that is, 

g, i> 6 5(1, \dv\ 2 + \d V \ 2 ) 

uniformly with respect to £. Moreover direct computation shows that 

\t-d^\<~a{v,n). (56) 

Lemma 4.12. Under the conditions in Theorem 1, we have 

V / e S(IR 3 ), 1^,0^ f\\ 2 < \\PKf\\ 2 L i + \\f\\ L 2. 



Proof. The proof is divided into three steps. 

Step 1) Let gr Wlck be the Wick quantization of the symbol g given in (|52|) . We claim 



5 Wic k/ 



L- 



PkJ, f 



L- 



(57) 



To confirm this, let's write, denoting by H the inverse of I 



1/2 



5 Wic k/ 



L 2 



i 1/2 
'k 



L 2 
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Note that Ha^H and {o^J^^j g Wlck H are bounded operators on L 2 due to Lemma 14.21 
Then one has 



</, g Wlck f 



L- 



< 



l K 



/IIl2 ~ 



p K f, f 



L- 



the last inequality following from (|47p . 
Step 2) We now prove 



|a(^,0 2+4s /|| L 2 < 2+is PKf\\ L 2- 



(58) 



Note that g € 5(1, T) and a(u, £) r 6 5 (a(t> , £) r , T) for any r G M. Then the above estimate 
will follow if we can show that 



Hv,o^f\\ L 2 < 



Pxf, f 



L 2 



+ 



P K f, 9 Wick f 



(59) 



To prove the above inequality we make use of the relation 



Re ( * (v ■ f, g Wick f ) = Re ( P K f, g Wlck f ) - Re ( a K f, <? Wlck / 



Wick . 



L2 

and (|57p . to conclude 

Re (i(v-Of, 5 Wick /) L2 < 



L 2 



,ui f „Wick . 



L 2 



L- 



+ 



(60) 



Next we will give a lower bound of the term on the left hand side. Observe that by (|82 
Then we have, by (f83|) . 

Re (i(t;-0/, 9 Wick /) L2 = ^({s, ^-e} Wick 7, / 

Using ([55]) we compute 
{g, v-S,} 



L 2 



(61) 



2s 

a(u,£) i+2" 



V + — — sr-5 • ^ 



a(w , £) 1+2^ - g(u, i+ 2 " (1 - ip) 



7+2 



2s 

a(u,£)i+ 2 " 

i + | w | 2 + iei 2 + if a^i 2 



2s 



+ 



2s 

a(u,f;) 1+2" 



This along with ([60]) and ([6T]) yields 



( ,,e)^) Wid 7, /) l2 < ^r, + |(iw, /) J + 1 (Ac/, 5 Wick / 



3=1 



L-' 



(62) 
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with 



Ti 



Wick 



i( V) e)rps(i_^)j /, / 



L 2 



s-1 



Wick 



a(v,£y 



L 2 



Note that a(v,£) 1 + 2s < a(v, rj) on the support of 1 — ip, and thus 

5(^,^)1+2^(1 -ij})< a(v,rj). 
Then the positivity of Wick quantization gives 



Ti<((a(M)) W ' C 7, /) 



< 



P K f, f 



L 2 



where the last inequality follows from (|5ip . Similarly, observing 



(vy +2 (l + \v\ 2 + \£\ 2 + \v A£\ 2 ) a(«,f) _rffc ^ < (v) 



s-l 



\2s+7 



we have 



T2<[[(V 



,25+7 



Wick 



/, / < (PKf, f 



L 2 



I? 



As for Tq, it follows from (1561) that 



2s 

a{v,C) 1+2s 



i-d^< a(v,rj). 



Thus 



n<((a(v, V )) mck f, f) L2 < (P K f, f 



L 2 



This, together with d62j), (J63J and (J§1D, gives 



^) Wic V, ) L2 < 



L 2 



+ 



PkU 5 Wick / 



L 2 



As a result the desired estimate ([59]) folows, since by ([82]). 



L 2 



(63) 



(64) 



which is bounded from below by a(t>, ^) 1 /( 1+2s ) by direct verification (see for instance the 
arguments used in the proof of [22] Lemma 3.14]). 

Step 3) Now applying the inequality ([59]) to the function a(v, £) 2 + 4s /, we get 

llfiM^/H^ < ||a(u,e) _ ^PKa(w, 0^f\\ L 2 

< \\P K f\\ L2 + \\a(v,0-^[a%, ~a(v,0^]f\\ L 2- 
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In view of ([79]), the symbol of a(v, gj-W 2 * 48 ) [d%, a(v, £) 1/(2+4s) ] has the form 

a(v,0~^ J (d v a K ) h (^(a 1 /^))) d8, 

which, arguing as in the proof of Lemma 14.21 belongs to 

S (a 1 ' 2 (v) s+ ^\ r). 

As a result, we can use (ii) in Lemma 14.21 to write 

a(u,£)~*k[t#, a(y,€)*&] 
= a(v,0-^[a w K , d(v,^](v)- {s+ " m ((af) W y\af ) w {v) s+ ^ 2 . 

V „ ' 

e B(L 2 ) 

This gives 

||5(^r^[<, a(v,Z)^]f\\ L2 < \\(afr {v) s+ ^ 2 f\\ L2 

$ ll^/|| L2 + ||/|L ? , 

where the last inequality follows from (|50p . Combining these inequalities, we get the 
desired estimate 

lla^o^/H^ < ||^/IL 2 + ||/L r 

The proof of Lemma 14.121 is thus complete. □ 

Lemma 4.13. Under the conditions in Theorem 1, we have, for any i 6 M, 

||a^/|| L2 <||^/|| L2 + ||(^/|| L2 . 

Proof. The proof is divided into four steps. In what follows let e > be an arbitrarily 
small number, which is to be determined later, and denote by C £ the different suitable 
constants depending only on e. 
Step 1 ) We define p £ by 



ea(v, n) 



where x G Co°0R; [0, 1]) such that x = 1 m [ — 1) 1] an d supp x C [—2, 2]. Let Ai j£ and A2, e 
be two symbols defined by 

Ai, E (f , rj) = p £ (v, n)d(v, rj) (65) 

and 

A2, e (w,r?) = (l - p E (v,rj))a(v,rj). (66) 



45 



Then p £ (v,rj) G 5 (1, T), 

Ai, £ , A 2 , e G S(a(v,r]), T) and X 2 , £ € 5 (e -1 ^, £)TT2i , T 



(67) 

uniformly with respect to £ and £, due to the conclusion (i) in Proposition 11.31 and the 

i 

fact that a{v,rj) < s~ a(v,£ t ) 1+2s on the support of A2, e . 

Step 2) Let Xi )E (v,r]) be given in ([65]) . In this step we show 



Ke]f, f) <e\\a%f\\ 2 L2 . 



(68) 



In fact, the symbol of the above commutator \v • £, A^J is 

1 



2ivr 



6 • d v \l, £ (v,V), 



which belongs to S (e( 1+2s ^ 2s a(v, if) 2 , T) uniformly with respect to £ and e, due to ([3 
and the fact that 

1 1 l-|-2s l-f-2s ~f 

|£| + \v A £| < a(i),^) 2i (u) _ 2 S < £^^o( w , t?)^ - (t>) _ 2» 
on the support of Ai j£ . Thus writing 

[vt, \t e ]=ea w K {al)- 1 [vd, A^ £ ] (a^)' 1 a£, 



e B(L 2 ) 



we obtain 



This gives the desired upper bound. We have proven ([68]) . 
Step 3) Let A2 j£ (u,t?) be given in (J6"6"j) . We claim 



A^]/, /) L2 <e||a£/|| L2 . 



(M, a^ £ ]/, / 



<e||(« ■O/fe+afll^/fc + ll/H^ 



(69) 



I £2 ' £ A J ||x2 

To confirm this, we write \v ■ £, A^ £ ] = f • £A^ £ — A™ £ i> ' £> * n ^ s gi yes 

(M, a^ £ ]/, f) L2 \ <2\\(v-of\\ L2 Kj\\ L2 . 

Moreover it follows from ()67p that 

||A^ £ /|| L2 < £ - 1 ||a(.;,0 1/(1+2s) /||x2 < e- 1 (\\Pf\\ L2 + \\f\\ Lj 

the last inequality using Lemma [4.121 Combining these inequalities, we obtain the desired 
estimate (|69p. 

Step 4 ) Now we are ready to prove 



l^/|lx^ll^/& + ll/l£? : 



which will follows if we can show that 

|Re (i(v ■ Of, ~a w K f) L A < e\\a w K f\\ 2 L2 + C e (||Pat/|| l2 + ||/|| L| 



(70) 



(71) 
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and 



|a£/|| 2 <Re «/, ~afJ) L2+ e\\a^f\\ 2 + C £ (\\P K f\\ 2 + \\f\\ 2 



(72) 



due to the relation 

Re (P K f, ~a w K f 

To prove (fTTj) . we compute 



L 2 



Re(i(v-Of, d K f) L2 + Re(a K f, d w K f) L2 . 



\Re(i(v-Of, d K f) L2 \ 



< 



+ 



L- 



L 2 



L 2 



with Ai )£ , A2, e defined in ([65]) and ([66]) . Combining the above inequalities and the conclu- 
sion in the previous two steps, we have 

|Re (i(v ■ Of, ~a w K f) L2 \ < e\\a w K ff L2 + e ||(t, • + C £ (||Px/||' 2 + ||/||* ? " 



This along with the relation 



\(v-Of\\n<\\PKf\L + \Kf"* 



L- 



implies the desired estimate ([7T|) . 

We now prove (|72j) . In view of (|79p we may write 



(a^a^)™ = (a K a K ) w + J"™ 



(73) 



where 



r(y) 



2t 



a(d Yl ,dY 2 )d(Y 1 )a K (Y 2 )dY 1 dY 2 de/(7re) (: 



Note that (|33p also holds with a replaced by dx or ax- Then by view of [12] Proposition 
1.1], we can verify that 

reS(af (v)^l\ r), 



and thus we may use Lemma 14.21 to rewrite r w as 



K 



(V) 



s+7/2 



eB(L 2 ) 



This gives 



\(r w f,f) L2 \ < e^alf^ + e^^afY {v) s+ ^ 2 f\\ 2 L2 



the last inequality following from (I50p . Taking into account ()73j) . one has 

Re((d K a K ) w f, f) L2 <Re(a K f, ~a K f) L2 + £ \\a K ff L2 + e~ 2 (\\P K f\\\ 2 + \\f\ 
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which along with (|48p yields 

II (4 2 *K Y f\\ 2 L 2 < Re(a w K f, a K f) L2 +e\\a w K f\\ 2 L2 +e~ 2 (||iW|k + • 



I w f \\2 II /-1/2 1/2 
|«^/|| L 2 < || Ojf 



Moreover note that 

due to the conclusion (hi) in Lemma 14.21 Then the desired estimate (|72p follows from the 
above inequalities, completing the proof of Lemma 14.131 □ 

Combining the conclusions in Lemma 14.121 and Lemma 14.131 we obtain Proposition 
14.111 Thus Theorem 11.11 follows due to Proposition 14.11 Now it remains to do the 

Proof of Theorem 11.21 Let r be the dual variable of t and let P T be the operator 
defines as follows 

P T = ir + iv ■ £ - C = i (r + v ■ £) + a w + K. 

Just proceeding as in the proof of Lemma 14.121 and Lemma 14.131 we have the maximal 
hypoelliptic estimate 

|| (v) 2s+y fWv + || (t + v- f\\ L2 + \\a w f\\ L2 + || /|| L2 < ||P T /|| i2 + ||/|| L2 . 

(74) 

Now it remains to prove 

II^>^(^) tIS7 /IL^II^/|L 2 + ||/|L | . 

To do so, we compute 

sy 2s 2s "7 2s 2s 'y 2s 2s 

( V ) 1+27 | r |l+2l < ( V ) 1+27 | T -|- -y . £| 1+27 -|- ( V ) 1+27 | W . £| 1+27 

■y-2s 2s 7 2s 

< {v} !+ 2s |r + V ■ f I !+ 2s + («) !+ 2s |£| !+ 2s 

< {vy~ 2s + \T + V ■ £\ + (V)^ , 
where the last inequality follows from the Young's inequality: 

/ 7-2s \ l + 2s 

, -r-a. , , 2s {(v} 1+2s ) 2s /, 1 _a 2 _\(l+2»)/(a») 

i+2, r + v-e 1+2s < 7~r~o — + T^r( T + v '^ 1+2s 

1 + 2s 1 + 2s V 



As a result we have, 

11^)^ H^/|| L2 < iKr+u-o/L + ll^r^/L + IK^^iei^/L 

where the last inequality follows from (|74p . The proof of Theorem 11.21 is complete. □ 



5 Appendix 

In this section we briefly review some tools used through the proofs. The first section 
is devoted to the links between some integral concerning the Boltzmann kernel. In the 
second one recall some basic facts about the Weyl-Hormander quantization, and in the 
last one we recall some ideas and results about the Wick quantization. 
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5.1 Integral representations 

Throughout parts 2 and 3 of this paper, we change any time needed of integral represen- 
tation for the singular Boltzmann kernel. 

A basic formula 

The first tool we use is the following Fubini-type formula, derived by rather explicit com- 
putation: 

Consider a measurable function < F(a, h) of variables h and a 6 M 3 . For any h € M 3 , 
we denote by Eq^ the (hyper-)vector plane orthogonal to h. Then 

I dh I daf(a,h)= [ da! dhp-f{a,h). (75) 
J Ml JE 0th Jul Je ^ \a\ 

Carleman representation 

The second formula is the so-called w-representation. It says that we have the following 
(almost) equalities when all sides are well-defined : 

j j dv*dab(cos8)\v — v^Fiv, v*,v',v'^) 

= 4/ dh [ da-. , , , , . b(cos9)<b(\h\)F(v, v + a — h,v — h,v + a) 

Jr* Je , h \a + h\ \h\ 

f f 1 f\ a \ 2 ~ \ h \ 2 \ 

~/ dh dal H>w - — , , . 6 [ — —r^- ) \a + /i| 7 F(t>, v + a - h, v - h, v + a). 

JrI JE Qth 1 '-' l \a + h\ \h\ V \a + h\ 2 J 
These formulae are consequences of the following properties (see picture [2]): 

1. We make the change of variables (u*, a) i — > (a, h) with v' = v — h, v* = v + a — h, 

= v + a. 

2. Since we restricted by symmetrization to the case a - (v — v*) > (which is equivalent 
to cosO > 0), this implies \a\ > \h\. Note also that h _L a and therefore \a + h\ 2 = 
\ a -h\ 2 = \a\ 2 + \h\ 2 . 

3. By immediate trigonometric properties we have cos (9 = ^^rzi and sin# = jj^|p- 
From the singular behavior of the singular kernel we deduce 

< 6(cosS) ~ K0~ 2 ~ 2s ~ K(sin^)- 2 -- ~ K = 

since \a\ 2 < \a + h\ 2 < 2|a| 2 , and where ~ means that the ratio is bounded from below 
and above by universal constants. At the end we get 

dv*dab(cosO)$(\v - v*\)F(y, v*, v', v'J 

f f \a + W +l+2s 

= dh dab(a,h)l\ a \>\ h \ „ „ F(v,v + a - h,v - h, v + a). (76) 

Jm 3 h JE . h W 
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Figure 2: a and Carleman representations 



where b(a, h) is bounded from below and above by positive constants, and b(a, h) = 
b(±a,±h). Figure [2] shows the preceding relations between all vectors and angles. 

The cancellation lemma 

We give here an other formula, in a slightly different version than the original one presented 
in [11]. We consider a function G{\v — v*\, \v — v'\). Then for smooth /, we have 

(^j J dv*daG(\v - \v - v'\)b(cos9) (fi-f*) \ = S *„» f(v), 

where for all z G M 3 , S has the following expression 

S(z) =2ir f 1 ddsmObicosd) ( g( sin cos" 3 - - |z| sin -) J 

Jo y V cos | cos | 2/ 2 2 J 

This applies in particular to functions of type 

G(\v — «*|, |« — u |, cos 0) = 6(cos — ^| 7 9?(t; — «'). 

5.2 Weyl-Hormander calculus 

We recall here some notations and basic facts of symbolic calculus, and refer to \2'6\ Chapter 
18] for detailed discussion on the pseudo-differential calculus. 

From now on we pose T = \dv\ 2 + \dr]\ 2 , and let M be an admissible weight function. 
Considering symbols q(£, v, rj) as a function of (v, rj) with parameters £, we say that q S 
S (M, r) uniformly with respect to ^, if 



< C a «M, 



with C Q] ^ a constant depending only on a and /3, but independent of £. For simplicity of 
notations, in the sequel discussion we omit the parameters in symbols, and by q E S(M, T) 
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we always mean that q satisfies the above inequality uniformly with respect to £. The space 
S(M, r) endowed with the seminorms 



IkIL Qf r\ = max SU P M(v,r>) l d"d^q(v,ri) 

becomes a Frchet space. Denote by Op (S(M, T)) the class of pseudo-differential operators 
q w with q £ S (M, T). Here q w stands for the Weyl quantization of symbol q, defined by 

q w u{v) = / e^- z >\ ( ^ u(*) tfedT,. 



(2*) 

An elementary property to be used frequently is the L 2 continuity theorem in the class 
S (1, g), which says that there exists a constant C and a positive integer N, depending 
only the dimension, such that 

VuGL 2 , 11^1^2 < Clkll^i^Hwll^- (77) 

We just recall here the composition formula of Weyl quantization. Given G S(Mi,T) 
we have 

PW = (Pitesr (78) 
with pi)Jp2 ^ 5"(MiAf2, r) admitting the expansion 

px%p2=pip2+£ JJ e- 2iCT ( y - yi ' y - y2 )/ e la(ay 1 ,5yj Pl (y 1 )p 2 (y 2 )(iy 1 dy 2 ^/(^) 6 , (79) 

where cr is a symplectic form in IR 6 given by 

ff ((*,C),(5,C)) =C- 5- c-z. 

Given q G S(M,T), we have the formula of changing quantization (see Proposition 1.1.10 
and Lemma 4.1.2 of [25]): 

q w = {J 1/2 q)(v,D v ), (80) 

where J 1 / 2 : S' — > S' is defined by 

(J 1/2 q){v.ri) = 2 n jj e- 4iwy <q(v + z,r] + QdzdQ. (81) 

5.3 Wick quantization 

Finally let's recall some basic properties of the Wick quantization, and refer the reader to 
the works of Lerner [27} [26l [25] for thorough and extensive presentations of this quanti- 
zation and some of its applications. Let Y = (v,rj) be a point in M 6 . The wave-packets 
transform of a function u G S (M^) is defined by 

Wu{Y) = (u, <py)^cb?) = 2 3 / 4 [ u ( z ) e -Mz-v\ 2 ^(z-vm-r, ^ 

with 
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Then W is an isometric mapping from L 2 (Rl) to L 2 (R 6 ) with adjoint W*. We define the 
Wick quantization of any L°° symbol q as 

p Wick = W * pW 

The main property of the Wick quantization is the positivity, i.e., 

q(v,rj) > for all (v,rj) G M 6 implies q Wick > 0. 

According to Proposition 2.4.3 in |25j . the Wick and Weyl quantizations of a symbol q are 
linked by the following identities 

9 Wick = ( q *2? e -M\ a y = q ™ + r w (82) 

with 

r(Y) 



[ [ (1 - 9)q"(Y + ez)z 2 e- 2nlzl2 2 3 dzd9. 

Jo JR6 



We also recall the following composition formula obtained in the proof of Proposition 3.4 
in [27] 

g w ickg w lck = [qm _ l_ q , . q , + _l_ {gi) q2}] w ick + Tj (g3) 

with T a bounded operator in L 2 (]R 2n ), when (?i € L°°(R 2n ) and q2 is a smooth symbol 
whose derivatives of order > 2 are bounded on M 6 . The notation {91,^2} denotes the 
Poisson bracket defined by 

/ \ = ^1 ^Sl _ ^1 f84) 
^ drj dv dv drj 

References 

[1] R. Alexandre. Remarks on 3D Boltzmann linear equation without cutoff. Transport 
theory and Statistical physics, 28 (5), 433-473, 1999. 

[2] R. Alexandre. A review of Boltzmann equation with singular kernels. Kinet. Relat. 
Models, 2 (2009), 551-646. 

[3] R. Alexandre. Fractional order kinetic equations and hypoellipticity. 
http://hal.archives-ouvertes.fr/hal-00565013/fr To appear in Analysis and Ap- 



plications (2012). 

[4] R. Alexandre, L. Desvillettes, C. Villani, and B. Wennberg. Entropy dissipation and 
long-range interactions. Arch. Ration. Mech. Anal., 152 (2000), 327-355. 

[5] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu, and T. Yang. Uncertainty principle 
and kinetic equations. J. Fund. Anal, 255 (2008), 2013-2066. 

[6] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang. Regularizing effect and 
local existence for the non-cutoff Boltzmann equation. Arch. Ration. Mech. Anal., 
198 (2010), 39-123. 



52 



[7] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang. The Boltzmann equation 
without angular cutoff in the whole space: I, Global existence for soft potentials. 
Journal of Functional Analysis, 262 3 (2012), 9151010 

[8] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang. The Boltzmann equation 
without angular cutoff in the whole space: II, Global existence for hard potentials. 
Analysis and Applications, 09 02, (2011) 

[9] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang. The Boltzmann equation 
without angular cutoff in the whole space: Qualitative properties of solutions. Archive 
for Rational Mechanics and Analysis 202 2, (2011), 599-661 

[10] R. Alexandre and M. Safadi. Littlewood-Paley theory and regularity issues in Boltz- 
mann homogeneous equations. I. Non-cutoff case and Maxwellian molecules. Math. 
Models Methods Appl. Sci., 15 (2005), 907-920. 

[11] R. Alexandre and C. Villani. On the Boltzmann equation for long range interactions 
Comm. in Pure App. Math., 15 (2002), 0030-0070. 

[12] J.-M. Bony. Sur l'inegalite de Fefferman-Phong. In Seminaire: Equations aux 
Derivees Partielles, 1998-1999, Semin. Equ. Deriv. Partielles, pages Exp. No. Ill, 
16. Ecole Polytech., Palaiseau, 1999. 

[13] F. Bouchut. Hypoelliptic regularity in kinetic equations. J. Math. Pure Appl., 81 
(2002), 1135-1159. 

[14] C. Cercignani, R. Illner, and M. Pulvirenti. The mathematical theory of dilute gases, 
volume 106 of Applied Mathematical Sciences. Springer- Verlag, New York, 1994. 

[15] H. Chen, W.-X. Li, and C.-J. Xu. Analytic smoothness effect of solutions for spatially 
homogeneous Landau equation. J. Differential Equations, 248 (2010), 77-94. 

[16] H. Chen, W.-X. Li, and C.-J. Xu. Gevrey hypoellipticity for a class of kinetic equa- 
tions. Comm. Partial Differential Equations, 36 (2011), 693-728. 

[17] L. Desvillettes. Regularization properties of the 2-dimensional non-radially symmet- 
ric non-cutoff spatially homogeneous Boltzmann equation for Maxwellian molecules. 
Transport Theory Statist. Phys., 26 (1997), 341-357. 

[18] L. Desvillettes. About the regularizing properties of the non-cut-off Kac equation. 
Comm. Math. Phys., 168 (1995), 417-440. 

[19] L. Desvillettes and C. Villani. On the spatially homogeneous Landau equation for 
hard potentials. I. Existence, uniqueness and smoothness. Comm. Partial Differential 
Equations, 25 (2000), 179-259. 

[20] L. Desvillettes and B. Wennberg. Smoothness of the solution of the spatially homo- 
geneous Boltzmann equation without cutoff. Comm. Partial Differential Equations, 
29 (2004), 133-155. 

[21] P. Gressman and R. Strain. Global Classical Solutions of the Boltzmann Equation 
without Angular Cut-off J. Amer. Math. Soc. 24 (2011), no. 3, 771-847. 



53 



[22] F. Herau and K. Pravda-Starov. Anisotropic hypoelliptic estimates for Landau-type 
operators. J. Math. Pures et Appl. 95 (2011) 513-552. 

[23] L. Hormander. The analysis of linear partial differential operators. Ill, volume 275 
of Grundlehren der Mathematischen Wissenschaften. Springer- Verlag, Berlin, 1985. 

[24] Z.H. Huo, Y. Morimoto, S. Ukai, and T. Yang. Regularity of solutions for spatially 
homogeneous Boltzmann equation without angular cutoff. Kinet. Relat. Models, 1 
(2008), 453-489. 

[25] N. Lerner. Metrics on the phase space and non- self adjoint pseudo-differential opera- 
tors, volume 3 of Pseudo-Differential Operators. Theory and Applications. Birkhauser 
Verlag, Basel, 2010. 

[26] N. Lerner. Some facts about the Wick calculus. In Pseudo- differential operators, 
volume 1949 of Lecture Notes in Math., pages 135-174. Springer, Berlin, 2008. 

[27] N. Lerner. The Wick calculus of pseudo-differential operators and some of its appli- 
cations. Cubo Mat. Educ, 5 (2003), 213-236. 

[28] N. Lerner, Y. Morimoto and K. Pravda-Starov. Hypoelliptic Estimates 
for a Linear Model of the Boltzmann Equation without Angular Cutoff. 
http://arxiv.org/abs/1012.4915vl 

[29] N. Lerner, Y. Morimoto, K. Pravda-Starov and C.-J. Xu. Spectral and 
phase space analysis of the linearized non-cutoff Kac collision operator 
http://arxiv.org/abs/llll.0423 

[30] W.-X. Li. Global hypoellipticity and compactness of resolvent for Fokker-Planck 
operator. Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 11 (2012), 1-27. 

[31] Y. Morimoto, S. Ukai, C.-J. Xu, and T. Yang. Regularity of solutions to the spatially 
homogeneous Boltzmann equation without angular cutoff. Discrete Contin. Dyn. 
Syst., 24 (2009), 187-212. 

[32] Y. Morimoto and C.-J. Xu. Hypoellipticity for a class of kinetic equations. J. Math. 
Kyoto Univ., 47 (2007), 129-152. 

[33] Y. Morimoto and C.-J. Xu. Ultra-analytic effect of Cauchy problem for a class of 
kinetic equations. J. Differential Equations, 247 (2009), 596-617. 

[34] C. Villani. On a new class of weak solutions to the spatially homogeneous Boltzmann 
and Landau equations. Arch. Rational Mech. Anal., 143 (1998), 273-307. 

[35] C. Villani. A review of mathematical topics in collisional kinetic theory, Handbook of 
mathematical fluid dynamics, Vol. I, pages 71-305. North-Holland, Amsterdam, 2002 



54 



